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Abstract. The Principle of Perturbative Agreement, as introduced by Hollands & Wald, is a renormali¬ 
sation condition in quantum field theory on curved spacetimes. This principle states that the perturbative 
and exact constructions of a held theoretic model given by the sum of a free and an exactly tractable 
interaction Lagrangean should agree. We develop a proof of the validity of this principle in the case of 
scalar helds and quadratic interactions without derivatives which differs in strategy from the one given 
by Hollands & Wald for the case of quadratic interactions encoding a change of metric. Thereby we proht 
from the observation that, in the case of quadratic interactions, the composition of the inverse classical 
Mqller map and the quantum Mpller map is a contraction exponential of a particular type. Afterwards, 
we prove a generalisation of the Principle of Perturbative Agreement and show that considering an ar¬ 
bitrary quadratic contribution of a general interaction either as part of the free theory or as part of the 
perturbation gives equivalent results. Motivated by the thermal mass idea, we use our findings in order 
to extend the construction of massive interacting thermal equilibrium states in Minkowski spacetime 
developed by Fredenhagen & Lindner to the massless case. In passing, we also prove a property of the 
construction of Fredenhagen & Lindner which was conjectured by these authors. 


1 Introduction 

In the last twenty years a solid conceptual framework of perturbative algebraic quantum field 
theory on curved spacetimes has been established [BFK95t IBrFrOOt IHoWaOll IHoWan2l IBFVD.Sl 
IHoWaOSl IH0O8IIBDF091 IFrRel3] . This was possible thanks to the seminal work [Ra96| , which 
introduced the powerful tools of microlocal analysis to algebraic quantum field theory. In particu¬ 
lar, a number of axioms for the time-ordered products of Wick-polynomials on curved spacetime 
have been proposed in [HoWaOll IHoWaOS] . based on earlier work in [BFK951 IBrFrOO| . In the 
former works it has been argued that these axioms are the renormalisation conditions which 
should be satisfied by any regularisation scheme on curved spacetimes compatible with gen¬ 
eral covariance and the principles of quantum field theory. In [HoWaOl] IHoWan2] IHoWaOb] it 
has been proven that renormalisation schemes satisfying these conditions actually exist and the 
renormalisation freedom compatible with these renormalisation conditions has been classified. 

One of these axioms, introduced in [HoWa05] . is the Principle of Perturbative Agreement 
(PPA). This principle states that the perturbative and exact constructions of a field theoretic 
model given by the sum of a free and an exactly tractable interaction Lagrangean should agree. 
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To explain this in more detail for the example of a quadratic interaction, let us consider a 
quadratic action Si and a quadratic interaction potential Q with at most two derivatives, which, 
in the case of a real scalar field, can quantify a change of the mass, a change of the coupling to the 
scalar curvature, a change of the metric and a change of the external current. We may construct 
the free exact algebras of observables si\ and corresponding to the actions Si and Si + Q, 
as well as the perturbative algebra of interacting observables ^i,q corresponding the free action 
Si and the perturbation Q. The classical Mpller map intertwines the classical dynamics 
of Si + Q and Si and is an isomorphism between and whereas the quantum Mpller 
map ^1 Q, which enters the construction of the perturbative algebra = 2 ^ 1 ,q, may be thought of 
as an isomorphism between and a (subalgebra) of The PPA as stated and proved in 
[HoWaOS] , see also [Zal3] for the case of higher spin fields and variations of a background gauge 
field, requires that /3 i_q = intertwines the time-ordered products corresponding to 

Si and Si + Q and thus imposes renormalisation conditions on the time-ordered products of 
both theories. In fact, the validity of the PPA implies that is an isomorphism between 

and a (subalgebra of) In [HoWaO!^ several important physical implications of the 
validity of the PPA are discussed. In particular it is proven that a number of identities valid in 
a classical field theory hold in the corresponding quantum theory as well. 

In this work, we generalise the proof of the Principle of Perturbative Agreement for arbitrary 
quadratic Q to the setting where an additional, not necessarily quadratic, interaction potential 
V is present. We prove that, provided the time-ordered product satisfies the PPA, the classical 
Mpller map extends to an isomorphism between the algebras j?/2,v and i.e. the pertur¬ 

bative algebra corresponding to the free action §1 -|-Q and perturbation V, and the perturbative 
algebra corresponding to the free action Si and the perturbation Q + V, respectively. To this 
avail, we develop a proof of the PPA for quadratic Q without derivatives which differs in strategy 
from the proof of [HoWaO,^ for Q encoding a change of metric and is based on the observation 
that Pi^Q = ^iQ o^ig is, in a certain sense, a contraction exponential w.r.t. the difference 
of the (chosen) Feynman propagators A^g — Af of the two quadratic models. In particular, 
we show that /3i^g is a deformation in the sense of deformation quantization when applied to 
sufficiently regular functionals. We note that the proof of the PPA for quadratic Q without 
derivatives has not been explicitly spelt out in [HoWaOS] . although the proof of the PPA for 
Q encoding changes of the metric given in [HoWaO!^ can be extended to general quadratic Q 
without much effort. 

A further independent proof of the PPA for scalar fields and quadratic interactions without 
derivatives has been given in |GHP15| , where an explicit analytic regularisation scheme on curved 
spacetime is developed and shown to satisfy the PPA for this class of quadratic perturbations. 

After proving the generalised PPA, we construct as an application interacting thermal equi¬ 
librium states for massless Klein-Gordon helds on Minkowski spacetime with an arbitrary inter¬ 
action V. We accomplish this by combining the construction of such states in the massive case 
developed in [FrLildi ILil3] with the idea of the thermal mass, which is an effective mass term 
appearing in (/>^-theory upon changing the normal-ordering prescription from normal-ordering 
with respect to the free vacuum to normal-ordering with respect to the free thermal state. 
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However, our construction also applies to the case of zero temperature, because we introduce 
a temperature-independent positive virtual mass whose magnitude turns out to be inessential 
for the construction. In passing, we also prove that the construction of [FrLil4l ILil3| is, in 
the adiabatic limit, independent of the temporal cut-off which enters this construction. This 
property was conjectured in [FrLil4] and proved up to the strong clustering property which we 
discuss in Appendix ICl 

Our paper is organised as follows. We begin by reviewing the functional approach to pertur¬ 
bative algebraic quantum field theory on curved spacetimes in Section O as this is the framework 
in which we shall work throughout. In Section [3l we first review the precise formulation of the 
Principle of Perturbative Agreement introduced in [HoWaO!^ for the case of at most quadratic 
interactions and sketch the strategy of the alternative proof of its validity given in the present 
work. After elaborating this proof of the PPA for quadratic interactions in several steps, where 
the final steps are only given for the case of quadratic interactions without derivatives, we prove 
the generalisation to the case where an additional general interaction is present in Section 01 In 
Section m we review the construction of massive interacting KMS states on Minkowski spacetime 
developed in |FrLil4l ILiI3j and use our results to generalise this construction to the massless 
case. The appendix contains the proofs of several subsidiary results. 

2 Functional Approach to Quantum Field Theory 

In this section we briefly recall the functional approach to perturbative algebraic quantum field 
theories on curved spacetimes [BDF091 IFrRel2l IFrRel4] . which is the setting of our work. For 
simplicity we will consider only the case of the real Klein-Gordon field. However, this framework 
can be applied to more general field theories including theories with local gauge symmetries, 
see e.g. [FrReI3] . We shall consider only spacetimes {^,g) which are globally hyperbolic 
throughout, see e.g. |BGP07] for a definition and properties. Moreover, we set = 

and 

denote by J^(^) the causal future/past of ^ C 

The functional approach can be thought of as to provide a concrete realisation of the abstract 
Borchers-Uhlmann algebra of quantum fields and its extension to include Wick polynomials 
and time-ordered products thereof, see [HoWaOl] IHoWan2] . In this approach, the off-shell 
observables are described by complex-valued functionals F £ ^ over real-valued off-shell 
field configurations (p G Physically interesting observables can detect only local 

perturbations of the field configuration, hence physically relevant functionals are required to be 
supported in compact regions of spacetime only. Here the support of a functional F is defined 
as 


suppT = {x G ^ I V neighbourhoods U of x 34>, -0 G supp V' C U, (1) 

such that F{(f> + il;) ^ F{(l))} . 

Moreover, in order to be able to compute products among observables, certain regularity 
conditions are necessary. In particular, it is assumed that functionals representing observables 
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are smooth, namely that, for each G the function A —)■ F{ip + Xip) has to be 

infinitely often differentiable with the n-th functional derivative at A = 0 represented by a 
compactly supported symmetric distribution G in the sense that 


d)^ 


F{(p + Xip) 


A=0 




( 2 ) 


We further restrict the possible distributions appearing as functional derivatives by demanding 
that their wave front set WF has a particular form. This defines the set of microcausal 

functionals, which is the maximal set of functionals we shall need. 




= \ F 


smooth, compactly supported, WF n (1^ uT^) = 0| , (3) 


here h+/_ is a subset of the cotangent space formed by the elements whose covectors are con¬ 
tained in the future/past light cones and F_|_/_ denotes is closure. This set contains the set 
^loc of local functionals formed by the microcausal functionals whose n-th functional deriva¬ 
tives F^"") are supported only on the diagonal C and satisfy WF(FW) T TD^, as well 
as the regular functionals ^reg, which are the subset of consisting of functionals with 
WF (F(’")) = 0 for all n. A typical element of ^loc is a smeared field polynomial 


Fm,f{<P) = [ dfig / G ^c(^) , </> G , (4) 

where d^g is the canonical volume form induced by the metric g. The case m = 1, i.e. a linear 
functional 

^fi4>)=[ f(t>dg,g /G^c(^), (5) 

is a special case of an element of ^reg- 


2.1 Algebras of observables in linear and affine theories 

All these sets of functionals are linear spaces, which we can endow with an involution *, defined 
as the complex conjugation F*((p) = F{(j)). Functionals encoding physical observables have to 
satisfy F* = F. We may further give the linear involutive space and its linear subspaces 
the structure of an algebra by equipping them with a product which encodes the quantum 
commutation relations. Whenever the equation of motion of the model we are going to quantize 
is an affine Klein-Gordon~type equation, i.e. 

P(j) = j P = -ng + M, (6) 

where Dg is the d’Alembert operator associated to g and M,j G the construction of the 

above-mentioned product can be made explicit by formally deforming the pointwise product 

(F • G){cj)) = M(F ® G){cj)) = F{(t))G{(t>) 
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to a non-commutative product which we shall indicate by ★. 

To this end, we consider a distribution A'*' E which is of the form 

A+ = + -A 

2 

where A'^ is real and symmetric and A is the real and antisymmetric causal propagator cor¬ 
responding to the normally hyperbolic Klein-Gordon operator P ([ 6 ]) . We recall that the causal 
propagator is uniquely defined as A = A^ — A"^, the retarded-minus-advanced fundamental 
solution of the linear part of ([ 6 ]), (see e.g. [BCPOT] for their rigorous unique construction in 
every globally hyperbolic spacetime), whereas A*^ is non-unique. Moreover, we demand that 
A'*' satisfies the Hadamard condition in its microlocal form [Ea96j . i.e. that the wave front 
sent WF(A+) reads 

WF(A+) = = {(x, x', -e') E T*M\{Q} \ (x, 0 ~ (x', i') and ? > 0}, (7) 

where (x,.^) ~ means that there exists a null geodesic 7 connecting x to x' such that ^ 

is coparallel and cotangent to 7 at x and is the parallel transport of ^ from x to x' along 7 , 
whereas ^ O 0 indicates that ^ is future directed. 

Given a distribution A"*" with these properties, we define the ^-product on as 

/ <5 ^ 

XX/ \ dfJ'giy), ( 8 ) 

6(j){x) 6(j){y) 

explicitly, 

Fi.G = F-G + Y^ — ^(A+)®’', (8) . (9) 

This product is well-defined on account of the regularity properties of microcausal functionals 
as well as the Hadamard property of A^ and has to be understood in the sense of formal power 
series in h for functionals which do not have only finitely many non-vanishing functional deriva¬ 
tives [BDF09t IFrEel2( IFrEeldj . By construction, the ^-product is compatible with canonical 
commutation relations among linear fields 

[Ff, Fgl = Ff^Fg-Fg^Ff = ihA{f, g) = ih{f, Ag) (10) 

and with the involution * 

{F*G)* = G**F*. (11) 

Altogether we arrive at the following dehnition. 

Definition 2.1. The off—shell algebra of observables corresponding to the held theory 
dehned by (l 6 |) is the involutive algebra 

^/:=(^^c,G*) • ( 12 ) 


5 














The Hadamard condition for A+ determines only up to a smooth (and symmetric) part, 
however, algebras constructed with different choices of A"*" are isomorphic. Given two A+, A+' 
with the above-mentioned properties and the related algebras j j *^ *) j 

the isomorphism between the algebra and is given by 

F^a^(F)=exp;ir^(F) = ^ —rc = A+- A+'. (13) 

Note that maps ^loc into itself and that w is real by definition. We now define the on-shell 
version of . 

Definition 2.2. The on—shell algebra of observables corresponding to the field theory 
defined by (l6|) is the quotient 


:= , (14) 

where, whenever the ★-product is implemented by a A”*' satisfying P o A"*" = A"*" o P = 0, is 
the (closed) *-ideal in ^ generated by functionals F E of the form 

F{(f))= / dlXg{xi)...d^lg{Xn){{PxiT{xi,...,Xn))(t>{xi)...(t>{Xn)- 

- T(xi, . . . ,Xn)j{xi)4){x2) . . . 4’iXn)} , 

with T being an arbitrary symmetric distribution which satisfies WF(T) n (g” U V^) =0. If a 
★-product V is implemented by a general A"*"' of Hadamard form, then the corresponding ideal 
C £/' = is defined as J^' = = a-w{^), where a^, '■ -s/' ^ -s/ (fT^ is 

the ^-isomorphism between £/' and an algebra £/ = *) D J^, in which the ★-product is 

implemented by a A^ satisfying P o A"*" = A"*" o P = 0. 

Note that the off-shell £/ does not depend on the source term j in ([6]). We shall remain 
off-shell in the following as this is necessary for a consistent discussion of perturbation theory. 

Remark 2.1. The subalgebra of ^ defined as 

is generated by the identity and linear functionals and is a concrete representation of the 
“normal-ordered” Borchers-Uhlmann algebra, see e.g. [HoWanl] . The usual Borchers-Uhlmann 
algebra is obtained from as where a is defined as in (I13p . and is characterised 

by a ★-product defined only in terms of the causal propagator A. 

2.2 Algebras of interacting observables in general non-linear theories 

Theories whose dynamics are governed by general non-linear equations are usually constructed 
perturbatively over linear (or affine) theories, as this is often the only available possibility. 
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Consequently, interacting observables are identified as formal power series in the perturbation 
with coefficients in si by means of a suitable map. In order to explicitly construct this map, we 
need to introduce a new product among elements of ^loc, the time-ordered product -t- 
The time-ordered product is a product characterised by symmetry and 

F-TG = Fi.G ifT>G, (15) 

where F > G means that there exists a Cauchy surface (see [BGP07] for a definition) E such 
that supp(T) C J“'"(E) and supp(G) C J~(S). We may first consider the time-ordered product 
on ^reg- In this case, the time-ordered product can be written by a “contraction exponential” 
similar to the one defining the ^-product, namely as 

F-tG = F-G + F,Ge^reg, (16) 

n>l 

where = A"*" + is the Feynman propagator associated to A'*'. 

The product defined in ()16ji is not well-defined on generic elements of One reason for 
this is the fact that the wave front set of the integral kernel of A"^ contains the wave front set 
of the (^-distribution because PA^ = I with P as in ([6]). Consequently, the product (fTHll is 
ill-defined on ^loc because pointwise powers of A^ are ill-defined. To overcome this problem 
it is convenient to consider the time-ordered product of local functionals as a multilinear map 
from multilocal functionals to si 

OO 

T : ^mloc ^ ) =^111100 = (17) 

71=0 

satisfying a set of axioms [BrFrOOt IHoWaOll IHoWan2l IHoWan5( IBDFn9| : 

1. T(F') = F for all constant and linear functionals P, symmetry and the causal factorisation 
property: 

r(Pi,..., Fn) = T{F \,..., Pfc) ★ r(Pfc+i,..., P„), 

if the supports suppPj, z = 1,..., A; of the first k entries do not intersect the past of the 
supports suppPj, j = /c + 1,..., n of the last n — k entries, 

2. the product rule for functional derivatives (also called (^-independence): 

n 

T{Fi,...,Fnf^ = Y,TiFi,...,F^^\...,Fn), (18) 

i=i 

3. suitable locality and covariance properties w.r.t. isometric and causality preserving em¬ 
beddings (^ 2 , 52 ), 


7 










4. the microlocal spectrum condition, which is a remnant of translation invariance: let us 

consider n local functionals i £ n} of the form (jj]), i.e. n smeared field 

polynomials, where also polynomials in derivatives of the field are allowed and let us set 

^n(/l) ■ ■ ■ ) fn) — T . . . , • 

This defines a distribution ojn £ and one demands WF(a;n) C where C 

\ {0} is defined as follows. We define “decorated graphs” G C {^,g) as graphs 
embedded in ^ whose vertices are points xi,... ,Xn £ and whose edges e are oriented 
null-geodesics 7 (e). We denote by Pe the coparallel and cotangent covectorfield of 7 (e) and 
denote by s(e) = i and t{e) = j the source and target of an edge connecting the points Xi, 
Xj with i < j. Moreover, if ^^(e) ^ thenpe is required to be future/past-directed. 

We may now define FJ' as 

yj' = I (xi,..., Xn, ^ 1 , • • • ^n) £ T*./#” \ {0} I 3 decorated graph G with vertices 

Xi, . . . ,Xn s.t. ^ Pe{Xi)- ^ Pe{Xi) Vij. 

e-.s{e)=i e-.t(e)=i 

5. unitarity 

r(Fi,...,Fj*= ^ (-ir+'nr((g)T;*) , ( 19 ) 

where 0^ = Ii^.. .^Ij denotes a partition of { 1 ,... , n} into j pairwise disjoint, non-empty 
subsets li, 

6 . the Leibniz rule (also called action ward identity) 

T(Fi,..., Fn) = 0 if Fi{(p) = / dB{(p) for at least one i £ {1,..., n} (20) 

where i?(<^) is a compactly supported three-form, 

7. suitable scaling properties, cf. [HoWaOl] , and and a suitable smooth or analytic depen¬ 
dence on the metric, see [HoWaOl] . however also |KhMol4] . 

8 . the Principle of Perturbative Agreement for at most quadratic interactions with at most 
two derivatives, cf. [HoWaOh] and Section [3l 

Following the approach of Epstein and Glaser |EpG173| , causal factorisation property is used 
to construct a solution to these axioms by an induction over the number of factors. In particular, 
at each induction step certain expressions of A^, which are a priori defined only outside the total 
diagonal of are extended to the full by using methods similar to the ones introduced by 












Steinmann |St71j , see e.g. [BrFrOOi IHoWa02l IHoWaOSl IBDF09[ IFrRel2l IFrRel4] for details. The 
resulting time-ordered map is not unique but the freedom left is local and the freedom of the 
time-ordered products appearing in the perturbative construction of renormalisable interacting 
models may be absorbed by a redefinition of the parameters of the interacting model under 
consideration (ibid.). 

For the special case of local functionals, the time-ordered map T corresponds to the definition 
of local and covariant Wick polynomials as elements in (ibid.). In the case of several factors, 
one can define a time-ordered product -t induced by the map T as 

Fi-T...-TFn = T (T-HTi), ... ,r-i(F„)) . (21) 

It has been proven in [FrRel3j . that, as suggested by the notation, the resulting -t is indeed an 
iterated binary and associative operation on a subset of which contains the space of func¬ 
tionals consisting of formal series of time-ordered products of local and/or regular functionals 


’^Tioc ~ ^ ^ I F — Fj 


n,l T 


•T Fn^n , Fk^i E ^1, 


reg 


( 22 ) 


n>0 


Here, the time-ordered product of a regular functional F with an arbitrary G E ^tioc is uniquely 
defined by (1161) also for non-regular G. For later purposes we define a subalgebra C £/ as 

= the algebra ^-generated by F E ^t\oc ■ (23) 


Remark 2.2. The renormalised time-ordered product constructed as explained above fails to 
be well-defined on the full space of microcausal functionals This may be seen by naively 

evaluating the expression F -t {G -k H), where F, G and H are non-linear local functionals, 
by means of (|16p and by observing that non-local divergencies occur in the evaluation of this 
expression. Notwithstanding, the domain of -t is sufficiently large for perturbation theory. 

Once the renormalised time-ordered product is constructed, it is possible to dehne interacting 
observables as formal power series with coefficients in jz/. To this avail we consider a model 
defined by the action 

S = Si + H 

where Si is an action functional corresponding to Euler-Lagrange equations of the form ([6]) and 
V E ^loc is arbitrary, but usually considered to be real V* = V. For an arbitrary functional 
F E ^Tioc, we define the S-matrix Si^j? E ^tioc by 


Si,F = exp-r^ 



n>0 


n 


!F 


■ F -Ti ■ ■ ■ -Ti F , 


n times 


(24) 


and we define the relative iS-matrix 5^iy{F) associated to Si, V and an arbitrary functional 
F E ^Tloc Q-s 

F^iy(F) = S^}MSiy+F. (25) 
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Here, and are *- and time-ordered products related to §i and is the inverse of Siy 
w.r.t. * 1 - We may then define the (retarded) quantum Mqller map via the Bogoliubov 
formula as 


= T-^-^hviF) 


i dX 


= 5'i y *1 (5'l,y -Ti F) F £ ^Tiloc , 


A=0 


(26) 


where ^TiIoc is dehned by means of -t^ as in ()22p . which is a formal power series in V (and its 
functional derivatives). As the name suggests, the quantum Mpller map at zeroth order in h 
equals, in the sense of formal power series in V, the classical Mpller map which we shall discuss 
in the next section [DuFrOPj . Note that 3^iy{F) is a formal power series with values in , cf. 

(Esp. 

By means of the quantum Mpller map we can define the algebra of interacting observables 
s^iy and its regular version corresponding to the base theory Si and the interaction V. 

Definition 2.3. The ofF—shell algebra of interacting observables s^\y is the *-algebra 
that is *i-generated by the functionals M^y{F) with F G ^TiIoc- The off—shell algebra of 
regular interacting observables is the ^-algebra that is *i-generated by the functionals 
^iy{F) with F G =^reg- The on—shell algebra of interacting observables ^°y is the 
quotient s^\y j J^\y where, considering s^\y as a subalgebra of the *-ideal ^\y is defined 
as J'xy = J'\£\ ■s^xy-, where is defined as in Definition 12.21 


If one considers a regular interaction V G <^reg, and corresponding regular interacting ob¬ 
servables, one may define their algebra in a direct manner as 

^\y ~ regj ) *l,V ) 

with the interacting ^-product and the interacting involution =i=i^y dehned as 

F My G = (^iV)“^ {^IviF) M ^iV(G')) > {^IviF)*) 

Here, the inverse quantum Mpller map is given explicitly by 

{^%lv)~\F) = 5i,_y -Ti (5i,y *1 F) . (29) 


(27) 

(28) 


However, *i y, =i=i y are not well-dehned for general F,G £ ■^tioc and V £ ^loc because the 
inverse Mpller map is not well-dehned on a sufficiently large domain o^account of Remark 12.21 
see |Rell| for details. Consequently, (l28|) and the naively dehned J^iy = {■^iy,M,v,*i,v), 
where X^\y is the space of functionals *iy-generated by X^TxXoc-, are in general ill-dehned for 
V £ ^loc- In spite of this fact, one may always think of s^\y as being represented via the 
quantum Mpller map on the well-dehned algebra s^xy^ because formally ^ly is a ^-isomorphism 

between ^xy and s^xy- This point of view is in general sufficient for perturbation theory. 
However, we shall demonstrate in the following section that ■^^yy is well-dehned at least if V 
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is a quadratic local functional. Note that the interacting involution provided it is well- 
defined, in general differs from the simple complex conjugation * if 1/ is non-linear. 

We close our brief review of the functional approach to perturbative quantum field theory by 
the simple, but powerful observation that the time-ordered product associated to My, provided 
the latter is well-defined, is Ti, see e.g. |Lil3| . 

Lemma 2.1. For all V,F,G G ^TiIoc such that F > G 

{F -T, G) = ^ly{F) M ^lv{G) 


Proof. We first note that 

t^ly{F -T, G) = %±^yyy{\F + f,G) 

By the properties of the time-ordered product -Ti, F > G implies ^iy{F + G) = S^iy{F) :*ri 
yiy{G), i.e. the causal factorisation property of the relative S'-matrix, see Appendix El Using 
this, we find 


?ly{F -y G) = ^±j-yyy{\F) M F^iyihG) 






(F) * 1 , 


?lviG). 


□ 


3 The Principle of Perturbative Agreement 

We are now in position to start our discussion of the Principle of Perturbative Agreement (PPA). 
This principle has been introduced in [HoWaO!^ as an axiom to fix the freedom arising from the 
extension of the time-ordered product from regular to local functionals. To discuss this principle 
in the case considered in this work (cf. Remark 13.31 for the remaining cases), we consider two at 
most quadratic action functionals Si, S 2 , i.e. two actions of the form 

§ii<P) = = \ f f . (30) 

Here Mi,ji G and Qi are two Lorentz metrics such that the spacetimes (./#, gi) are globally 

hyperbolic. Moreover, we need the technical condition |BKR12l IKhl2] that 

52 > ^ df (p) C J^ip) V p G (31) 

/ is a test function introduced to achieve S* G ^loc, however, the Euler-Lagrange equations of 
Sj, S^^^’*^(0) = 0, do not depend on / if we choose / equal to 1 on the region of spacetime of 
interest, which we shall do implicitly throughout. Consequently, we set 

^~ Fi4> ~ ji ) Pi = ~^gi + All, z G {1,2} . (32) 
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Here and in the following we stress with our notation that the functional derivative in the 
sense of an integral kernel of a distribution depends on the background metric, he. we define 
for a smooth functional F and h G 

+ Ah)U=o , {f,h). = J^fhdfig^. (33) 

In particular, it holds 


(</)) = (<()), C2,1 = . (34) 

Vl detail 

A term of the form has been excluded from §j because it is equivalent to — 

which can be subsumed under Mj. We may consider the difference of the two actions as a 
perturbation Q{4>) = §2{(p) ~ write it w.r.t. the volume measure of gi as 

QicP) = Q*(<^) = i / (G^"(V^<^)V,0 + M4>^ - 2j4>) dgg, (35) 

where now M, j and G are smooth and compactly supported so that Q G ^\oc- We note that 
M does not only quantify a perturbative mass correction, but also a perturbative correction to 
the coupling of the Klein-Gordon field to the scalar curvature. Moreover, M and j also quantify 
a change of the metric because e.g. M = C 2 ,iM 2 — Mi. 

3.1 Formulation of the Principle of Perturbative Agreement 

One can now proceed in two ways to construct the algebra of observables corresponding to the 
model defined by § 2 - On the one hand we can construct the (off-shell) algebra of observables 
^2 = (^/iC 2 )* 2 ) (we shall suppress the involutions in the following) directly, where *2 is a *- 
product corresponding to P 2 and is defined as in ([3]), but with respect to 52 - Alternatively, 
we can construct it perturbatively over the exact algebra = (^itci,*i), where Q plays the 
role of the interaction and is defined as in ([3]), but with respect to gi. We have argued in 
the previous section that the algebra ^i^q, generated by *i^Q-products of F G ^TiIoc a-iid with 
* 1^(3 defined as in (|28]l . is ill-defined, but may be considered as represented on the well-defined 
algebra ^i,q, defined in Definition 12.31 via the quantum Mpller map ^iq- Notwithstanding, 

we shall hrst discuss the PPA heuristically in terms of the algebra in order to outline the 
essential idea of this principle. 

By the covariance axiom, the time-ordered maps Tj : ^mioc pT)) have to be understood 

as Ti = T{gi, Mi, i-e. as particular evaluations of a map T{g,M,j,F), which for an 

arbitrary but hxed choice of renormalisation constants depends on the background fields [g, M, j) 
via the terms multiplying these constants. Moreover, we spell out the dependence of T on * 
because we consider the free algebras £/ always as algebras with a concrete product * defined 
by a fixed of Hadamard form rather than as abstract algebras defined only up to isomorphy. 
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The motivation which lead the authors of |HoWa05] to formulate the PPA originates from 
the point of view that this map T{g,M,j,-k) ought to satisfy covariance conditions w.r.t. the 
background fields {g,M,j) which are stronger than the locality and covariance conditions for¬ 
mulated in [HoWaOll IBFVD^ . As we shall see, the PPA enforces coherence conditions between 
T{g,M,j,-k) evaluated at two arbitrary but fixed different sets of background fields and thus 
severely restricts the renormalisation freedom of the time-ordered maps. We recall that this 
implies that the renormalisation freedom of both time-ordered products and Wick polynomials 
is restricted, because the time-ordered map encodes both types of renormalisation freedom. 

With these points in mind, one may formally say that the PPA demai^s that the time- 
ordered map is defined in such a way that the perturbatively defined algebra is ^-isomorphic 
to the subalgebra C £^2 given in (I23p . Moreover, recalling that the time-ordered product 
formally corresponding to is -Ti by Lemma 12.11 one may further demand that the *- 
isomorphism intertwines not only and * 2 ) but also the corresponding time-ordered products 
■Ti and ■t 2 and even the full time-ordered maps Ti and T 2 . All these statements are meant in the 
sense of formal power series in Q and its functional derivatives with values in ^ 1 , because 
is defined only perturbatively. For this reason it is necessary to represent the algebra J 2/2 on the 
base algebra As we shall discuss in detail in the following section, this may be achieved by 
means of the classical Mpller map ^i^q. We shall define this map precisely in what follows, 
but for the sake of this discussion the reader may think of as the —>• 0 limit of ^iq- 

Consequently, we may heuristically describe the PPA in terms of the following commutative 
diagram, where dashed arrows indicate that the source of the arrows and thus the full arrow is 
formal. 





S !^2 


(36) 


As this diagram anticipates, and as we shall prove in the following section, the classical 
Mpller map is a well-defined exact isomorphism between ^2 and (a subalgebra of) if *2 
is defined as the pullback of *1 via ^i,q. Moreover, g maps to and thus effectively 
to in the sense of formal power series, as we have already discussed. The candidate for the 
heuristic isomorphism between . 2 / 1 ,q and a suitable subalgebra of £/2 may be thus read off from 
the diagram to be Pi^q = o q, which one may think of as being the identity plus the 
“pure quantum part of 

After this heuristic discussion of the PPA, we may now state this principle, as introduced in 
[HoWaOS] ■ precisely and rigorously. As our previous discussion implies, the following formulation 
of the PPA is essentially the strongest condition one can require on the comparison between the 
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perturbative and exact constructions of models with quadratic interactions because can not 
be a proper isomorphism between and £^2 since the former algebra is ill-defined. On the 
other hand, since by Lemma [TT] the time-ordered product corresponding to My, provided the 
latter is well-defined, is given by Ti , one may consider a functional F G ^TiIoc, e.g. i^iTi • • ••TiFn 
with Fi G ^loc, heuristically as an element of Moreover, as we shall discuss in the 

subsequent part of the paper, is well-defined on ^TiIoc- 

Definition 3.1. Consider two Lorentz metrics g2 > gi, cf. m, on two corresponding 
at most quadratic actions Si and S 2 of the form (fSOj) and Q = §2 — §i- Moreover, let 
be the quantum Mpller map defined in let ^l,Q be the classical Mpller map0, and set 

Pi,Q = Finally, let *1 be a ^-product corresponding to Si and let *2 be the ★-product 

induced by *1 via as F m G = {^i^q{F)- ki i%i Q{G)) for arbitrary F,G £ 

The time ordered map T, considered as map T(g,M,j,*), is said to satisfy the Principle of 
Perturbative Agreement (PPA) if, for Tj = T{gi, Mi, ji,M), * = 1)2, 


T2 = Pi,Q o Ti. 


(37) 


on ^ tnloc- 

Remark 3.1. Note that, by (I2ip . one may formulate the PPA equivalently by demanding that 
for all n G N and all Fq, Fi, ..., G ^loo 

F 2 (Fo) = [/3i,q o TiKFo), Fi -r, ... -T, = /3i,q - t , ... - t , /JgJCF’n)) • 

The first of these two conditions has the following physical interpretation. Local observables in 
QFT may be expressed in terms of local and covariant Wick polynomials. The time-ordered 
maps Tj evaluated on local functionals identify local and covariant Wick polynomials as par¬ 
ticular elements of the algebras s^i. Consequently, one may interpret the first of the above 
conditions by stating that the PPA demands in particular that /3i^q is effectively the identity 
on local observables. 

The authors of [HoWaOl^ prove that the PPA can be satisfied and demonstrate that the 
PPA implies that several essential identities from classical field theory hold also in the quantum 
case, in particular the interacting quantum stress-energy tensor for an arbitrary, not necessarily 
quadratic interaction is automatically conserved if the PPA holds [HoWaOS] . 

Our strategy to prove the validity of the PPA for quadratic interactions without derivatives 
differs somewhat from the proof strategy of [HoWaOS] (see also [Zal3] for a proof for higher spin 
fields and variations of a background gauge field). In fact, we shall first prove a rigorous version 
of the heuristic commutative diagram (j36l) . namely, 

^The classical M0ller map is defined in (I4UII . we recall that for the purpose of Definition [TT] it is sufficient to 
note that Si\^Q = limfi_jo in the sense of formal power series in Q, cf. Proposition 13.31 
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(38) 


where = {^reg,M), = (=^reg,* 2 ), and = (^regj*i,Q)) with -ki^Q defined as in 

(1280 . To this end, we first first discuss the left arrow in (j38p (in the stronger sense as it appears 
in (I55|) i in the following Section [321 and the top arrow in the subsequent Section 1321 where 
we establish in particular that = (^reg)*i,Q) is a well-defined algebra and that is a 
deformation of the type (jl3ll and thus a homomorphism for both the ^-product and the time- 
ordered product. These results will hold for arbitrary Q of the form (I39p . Finally, in Section 
13.41 we extend the action of from regular functionals to ^TiIoc and prove that the PPA for 
strictly quadratic Q without derivatives can be satisfied. 

Remark 3.2. We shall prove most results only for purely quadratic Q in order to avoid the 
distinction between strictly quadratic Q and linear Q. However, the PPA for linear Q may be 
proven along the same lines. In particular, one may show that, if Q is linear, *2 = *1 and 
^iQ = ^i,Q, and thus is the identity on = ^/iC 2 for linear Q. 

Remark 3.3. The PPA as reviewed above is only part of the PPA as introduced in [HoWaO.*^ . 
Namely, the authors of [HoWaOS] also require that the perturbative and exact constructions of 
a held theoretic model given by the sum of a free Lagrangean and an interaction Lagrangean 
which is of arbitrary order in the held, but a pure divergence, should agree. This leads to the 
Leibniz rule for time-ordered products, cf. Axiom 6. in the list reviewed in Section [2.21 

For later reference, we explicitly state the form of purely quadratic Q for which we shall 
prove most results, where we recall ([3111 and (l34]l 


Q = Q*G ^loc , J / (G^"(V^</.)V,()) + M02) , (39) 

= C2,i ) 92> gi- 

3.2 The classical M0ller map and relations between the exact algebras 

The elements of = (=^^ci)*i) and s ^2 = (^/iC 2 )* 2 ) are functionals over held conhgurations 
endowed with products pertaining to the actions Si and S 2 . Hence, a mapping of held conhgu¬ 
rations which intertwines the equations of motions associated to Si and S 2 and satishes suitable 
further properties may be expected to induce by pullback a =i=-homomorphism between JS 2 and 
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A candidate for such a map is the classical Mpller map on configurations. In the following, 
quantities indexed by “1” and “2” shall always denote quantities associated to Si and § 2 - Results 
which are essentially analogous to the ones stated in this section have already been obtained in 
[HoWaO.^ IZal3] . 

Definition 3.2. Consider two Lorentz metrics g 2 ,gi on ./#, such that {^,gi) and {^,g 2 ) 
are globally hyperbolic, two corresponding at most quadratic actions Si and S 2 of the form 

(fHni) and (5 = S 2 — Si G ^loc- The (retarded) classical M0ller map on confignrations 

Ri^q : S{^) is defined by the conditions 

§2 ’ ^ ° Ri,Q = §1 ’ \ -^bQ('^)l^\J+(supp(Q)) = ^\^\J+{supp{Q)) ’ (“^0) 

where indicates the causal future with respect to the metric g 2 and where we recall that 
indicates the first functional derivative of F w.r.t. g\ in the sense of (|33jl . 

Remark 3.4. In the following, we shall deal with linear operators and their integral kernels, 
where the integral kernel of an operator depends on the metric via the covariant volume measure. 
I.e. denoting by [A\i the gfjAntegral kernel, we have [A]i(x,?/) = [A] 2 (x,y)c 2 ,i(y). We shall 
use the following convention regarding integral kernels throughout the remaining part of work. 
Integral kernels of operators pertaining to S^ shall always be considered w.r.t. gi, i.e. A?(x,y) = 
[A?]j(x,y) for jj G F, R, A} and i = 1,2. Correspondingly, all contraction formulae such 

as dH) and (fT3]) are considered to be defined by means of a fixed distribution kernel and are thus 
independent of the chosen metric, because e.g. 


00 fcTT, P)'^ 

F *1 G = ^ ^ F^'^’T (g, ^ 0 


For the remainder of the paper, we will thus mostly suppress the dependence of the functional 
derivative and canonical pairing on the metric where it is understood that whenever this depen¬ 
dence is omitted, the ^(i-functional derivative and ( 7 i~pairing are implied. 


We now show that the precise form of Ri,q is an expression of Yang-Feldman type, where 
we recall ([Mil . 

Proposition 3.1. The unique solution of the conditions (jiOl) is the map Ri,q ■ S’{^) S’{^) 

Fi,q = I - A«— o qW 
C2,l 

which moreover satisfies 

Fi,q o (i + Af o = (^I + Af o o = I 

on Here, the functional derivative QT) defines an affine map on S’{^) with formally 

selfadjoint linear part, which we denote by the same symbol. 
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Proof. First of all we recall that and Af- map smooth functions with past-compact support 
to smooth functions with past-compact support continuously in the topology of |BGP07] . 

Here C is called past-compact, if for each compact K C G n Jff{K) is compact. 

Hence, Ri,q is well-defined on due to the compactness of the support of Q. Moreover, the 

fact that the affine map induced by the first functional derivative of Q has a formally selfadjoint 
linear part follows from the fact that is symmetric. 

Ri^q manifestly satisfies the second condition in (|40p . To check that it satisfies the first 
condition, we set Pi := —^g^ + Mi and may compute for an arbitrary (f G 

O Ri,Q)if)) = = C2,lP2<^ + C2,1J2 - + , (41) 

where we have used that P 2 o A^ = I on smooth functions with past-compact support. Unique¬ 
ness follows by setting ip = Ri^Q{(f>) and realising that ip is the unique solution to the normally 
hyperbolic Cauchy problem 


P2'lp 


Plf>+jl 

C2,l 


-42 , 


(svlpx>{Q)) (svlpp{Q)) ’’ 


see |Gi09l Corollary 5] for normally hyperbolic Cauchy problems with sources of arbitrary sup¬ 
port. 

In order to prove that (l -|- A^ o is the right inverse of Ri,q we may compute 


fl-Af—oQ« 

V C2,l 

= I - A^— o + Af o g(i) - A^— o (C2,1P2 - Pi) o Af o g(i) 

C2,l C2,l 

and observe that the last three terms cancel if, for all (p G supp(A(^g(^)^) is past- 

compact w.r.t. g 2 , because A^ o P 2 = Pi o Ai^ = I on smooth functions with past-compact 
support. To show the former condition for arbitrary causal relations between g 2 and gi, we 
consider an arbitrary compact set K and an arbitrary cp G and have to prove that 

JfP {K) n supp(Afg(^V) is compact. To this avail, we consider two non-intersecting Cauchy 
surfaces Si and S 2 of {.y^,gi) s.t. S 2 C Ji^(Si) and {K U supp(g)) C (J{*'(Si) n Ji“(S 2 )); 
this implies in particular that Si and S 2 are also Cauchy surfaces of (.^, 52 )- We then set 
A = supp(Afg(^)())) n Ji“(S 2 ) and B = Jff {K) n J^(Si) and note that both A and B are 
compact. Finally, we observe that Jff (K) n supp(A{^g(^)(/)) = H n P is compact. By a similar 
computation one can show that (l -|- A^ o is the left inverse of Pi,q. □ 

Note that, at least in the case when Q does not contain two derivatives, Ri,q is well-defined 
and satisfies the above properties also for Q which have past-compact support w.r.t. to gi = 52 - 
In the following, we shall deal exclusively with strictly quadratic Q. In this case, g^^^ 
and are linear maps. Denoting by the adjoint of the operator T with respect to the 


(i + Af og(i)) 
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canonical pairing (/, h)i = fgdiig^, Proposition 13.II then implies R\q= o 03 . 

Furthermore, i?| g maps solutions of ^ 2 ?^ = 0 to solutions of Pi(/> = 0 and we note that Pi and 
C 2 pP 2 are formally selfadjoint w.r.t. (•, •)!. With this in mind, we shall now discuss the relation 
between the advanced and retarded Green’s operators of Pi and P 2 . 


Lemma 3.1. If Q ^ <^ioc is of the form ([3^ . but g 2 > gi is not necessarily true, the advanced 
and retarded Green’s operators of Pi and P 2 are related as 


A2 -= Pl,Q o A 

C2,l 


1 


R 
1 ) 


^2 


1 

C2,l 


= A^^ O pt 


i.Q 


whereas their causal propagators satisfy 

1 

C2,l 


A2^ = Pl,Q O Ai O P| g 


Proof. Let us indicate Pi,q o Af C 2 ,i by Arj and A^ o p| qC 2 ,i by A^,/. Both j satisfy 

P 2 o j = A^/^ j o P 2 = I as can be shown either directly or by duality with respect 

to the standard pairing (•,-)i. We would now like to show supp{Aji/j^ jf) C J^(supp(/)) 
for all / G independent of the causal relations between 52 and gi] this would imply 

D j A 

^RjAg = A 2 ' by uniqueness of retarded/advanced fundamental solutions. If g 2 > < 71 , the 
statement follows immediately. In the remaining cases, we consider an arbitrary / G 
and assume that there is a point x G s.t. x ^ supp(A|^/), but x G supp (Pi^qA{*C 2 ,i/) . 
We now consider two non-intersecting Cauchy surfaces S 2 , Bi of {^.M,g\) s.t. S 2 C J{''(Si), 
J{''(Si) n (supp((5) U supp(/) U {x}) = 0; this implies in particular that these Cauchy surfaces 
are also Cauchy surfaces for (./#, ( 72 )- We then consider a smooth function y which equals 1 on 
Jj“(Si) and 0 on Jj^(S 2 ). We may then compute 


Pi,QAfc2,i/ = (l - A«^ o xAfc2,i/ + - Af ^ o (1 _ x)Afc 2 pf 

= A^—PixAfc2,i/ + - Af — o (1 _ x)Afc 2 ,if 

C2,l V C2,l J 

= A^—(-□3iX)Af C2,i/ + A^xf + fl - Af — O (1 _ , 

C 2 ,l V C 2 ,l / 


where we used that supp(xA{^C 2 ,i/) is compact. The retardation properties of A^.^ and the 
support properties of x and / now imply that sufficiently small neighbourhoods of x can not be 
contained in the support of either of the terms in the last expression. The advanced case can 
be shown analogously. 

By Proposition 13.11 the linear operator Pi,q is the left- and right-inverse of (I — r) with 
r = — A{^ o Hence, by direct computation Pi,q — I = Pi,q o r = r o Ri^q. Consider now 

Ri,q o Ai o p| g. Using the previous relation and its dual, this operator be can factorized as 


Ri,q o Ai o g = Ri q 


Af-A^o R^ 


+ Ri^q o Af o o g - Ri q o r o Af o R 


i,Q 


r-l O 7?! 


I.Q 


i.Q' 
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Using the formal selfadjointness of we notice that the last two summands cancel each other 
because o rl = — o Qd) o A^ = r o Af. We may now conclude the proof by using the 
first two equalities of the present lemma 


Ri,q o Ai o g = Ri q o Af 




A^) — = Aj 

C2,l 


1 

C2,l ’ 


□ 


We shall now demonstrate that the classical Mpller map on configurations preserves the 
Hadamard condition and maps Gaussian states to Gaussian states. 

Proposition 3.2. The following statements hold for a Q & =^ioc of the form (1391) . omitting the 
condition g 2 > gi- 

(i) If Aj*" is an operator whose integral kernel is of Hadamard type for the theory §i, then 

o A+ o r[ qC 2 ,i 

is an operator whose integral kernel is of Hadamard type for the theory § 2 - 

(ii) Moreover if A'l is an operator whose integral kernel is the two-point function of a Hadamard 
state on si\, then A^ is an operator whose integral kernel is the two-point function of a 
Hadamard state on s ^2 ■ 

Proof. Proof of (i): First of all, we notice that, since Q is has compact support and since the 
integral kernel of Aj*" satisfies the Hadamard condition, A^ = Ri^q o Aj*" o q^ 2 ,i is a well- 
defined operator from compactly supported smooth functions to smooth functions, hence, by 
the Schwartz kernel theorem, it gives rise to a well-defined distribution. To prove the statement, 
it thus suffices to show that lUF(A^) = with defined as in dZD by means of the causal 
structure induced by g 2 . We already know by the previous Lemma that the antisymmetric part 
of A^ is the causal propagator A 2 . Furthermore, A^ is a weak bisolution of the Klein-Gordon 
equation up to smooth functions because the same holds for Aj*" and because C 2 ,iP 2 0Ri,q = Pi- 
The statement now follows by standard arguments including the propagation of singularity 
theorem from the observation that Pi,q is the identity outside of the causal future of supp(Q), 
and thus A^ = Aj*" there. 

Proof of (ii): We need to check positivity of A^, i.e. we have to check that (/, A ^/)2 > 0 
for all / E Using the definition of A^ and recalling (|33]) and (IMl) . we may compute, 

(7,A+/)2 = (c2,i7,A+/)^ = (p1,qC2,i/,A+p1qC2,i/)^ >0, 

where we have used the fact that Q is real and thus commutes with complex conjugation, 
and where we note that R\ q maps smooth functions to smooth functions of compact support. 

□ 
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With the map i?i,Q between configurations at our disposal, we may construct by pullback a 
map on functionals. 

Definition 3.3. For an arbitrary F E where is defined as in ([3]), but with respect 

to 32 ) and Q = §2 ~ §1 £ ^\oc of the form (I35p . we define the (retarded) classical M0ller 
map by 

= Fo Riq 

The map may be thought of as being the off-shell version of the map r’’®* in [HoWaOi^ . 
which is defined on-shell. Since Ri,q is invertible, its pullback is invertible as well. The next 
theorem shows that is in fact a ^-isomorphism between s /2 and a subalgebra of s/i. 

Theorem 3.1. Let Q E ^loc be of the form (I39D, and let he a linear operator whose 
integral kernel is of Hadamard form w.r.t. the Klein-Gordon operator Pi. Moreover, let = 
A^oi?! qC2,i and let s/i = = {^fic2^*2), where-ki and-k2 are the -k -products 

eonstrueted by means o/A^ and A^, respeetively, and where is defined as in but with 
respeet to gi. Then, t%i,Q satisfies the following properties. 

(i) The inverse of ^i^q, defined by t%fQ{F) = F o R^q, is well-defined on ^fici and maps 

^uci la ^uci ■ 

(a) Si\,Q is well-defined on and maps ^^02 injectively to C ■ 

(Hi) Si\,Q restriets to a bijeetive map between t^i^q : ^reg ^reg- 

(iv) t%i,Q induces a ^-isomorphism : s /2 —>■ Si\^QiyS/ 2 ) C s/\, which restricts to a *- 

isomorphism between s/^^^^ and and descends to a *-isomorphism between the on- 

shell algebras s/ 2 ^ and Mi^q{s/ 2 ’^) C s/f^ eonstrueted as in Definition \2.SX 

Proof. Proof of (i). The statement that ^iq is well-defined on and maps to itself 
follows by an application of [Ho89l Theorem 8.2.14] about compositions of distributions and 
from R^q = I + Af o . 

Proof of (ii). We first observe that follows directly from 32 > ffi- The statement 

that ^^i^Q is a well defined on ^iiC 2 ^-nd maps =^/lC2 to itself follows by a further application of 
[Ho89l Theorem 8.2.14]. Finally, injectivity follows from ^iQa^i,Q = I on =^^C2) which in turn 
follows from (i) and =^^C 2 C • 

Proof of (in). This statement follows from the fact that Ri^q : She is a bijection on 

account of the compact support of Q. 

Proof of (iv). Since Q = Q*, h%i,Q is real-linear and preserves the ^-operation on s/i and 
s /2 defined by complex conjugation. Thus, on account of (ii) and (iii), the off-shell part of 
the statement is proven if we show that ^i,q intertwines *1 and * 2 - By the definition of these 
products and of .^i,q as a pullback of Ri^q, this follows from 

tn , > 

£ii,Q{F) ki ^%eQ{G) = ° ® (G- o = 

n>0 ' ■ 
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^i,q{F *2 G) 


G,Q 




in>0 


— ( i?l,QO A+ oR 




for arbitrary F,G G ^/iC2) where we note that Mi^q{F) *i Mi^q{G) is well-defined because 
^i,q{F) F ^/ici and where we recall Remark 13.41 The on-shell part of the statement follows 
from the fact that 02,1^2 o Ri,Q = A, which implies ^i^q{^2) C for the on-shell ideals 
J^2 C ^2 and C □ 


Remark 3.5. If g 2 / gi and g 2 > gi, then 't- ^puci- An example of F E F ^ ^\jlc- 2 , 

may be given by choosing a coordinate system on a patch \J C ^ and setting F{(^') = (h, (/>), 
h = f /{x^v^ + ie) where supp(/) C U is compact and u is a covector which is time-like w.r.t. 
g 2 but space-like w.r.t. gi. Since we have Pi o R^q = C 2 ,iP 2 , we may bound the wave front 
set of Riqh = (,^j”g(P))(^) as WF(P 2 /i) C WF(P^q/i) C WF(/i) U Char(Pi), which proves 
that Consequently, can not be a bijection between and and 

a ^-isomorphism between £^2 and if 52 7 ^ ffi- Moreover, one can check for 

the subalgebras C *j-generated by ■^Tiioc: cf. (I23l) . However, presumably is a 

^-isomorphism between suitable topological completions of s ^2 and . Finally, by the time- 
slice-axiom and the fact that is the identity for functionals which are supported outside of 
J^(supp((5)), one can indeed demonstrate that is a ^-isomorphism between the on-shell 
versions of £^2 and which is proven in |HoWa05] . 

In the subsequent part of the paper we need to view for Q as in (l3^ . and all quantities 
pertaining to § 2 , as a formal power series in Q and its functional derivatives with coefficients 
given in terms of quantities associated to Si. By means of Proposition 13.11 this is achieved by 
writing Pi,q as the Neumann series 

Pi^Q = + Af o = y~]r o . . . or , r = -Af o . (42) 

n>0 n times 

Recalling A|^ = Pi,q o A{^C 2 ,i, A^ = A(^ o p| qC 2 ,i and A^"*"^ = Pi,q o o P|qC 2 ,i, we 
may view these linear maps, as well as * 2 , as formal power series in in Q and its functional 
derivatives as well, which shall be our point of view throughout the remaining part of this work. 
While the Neumann series ()42p is in general formal, which is sufficient for our needs. Lemma 
IB.II in the appendix shows that this series converges in the special case of a pure Minkowski 
background with a pure mass perturbation. The series does not converge if Q contains second 
derivatives and thus encodes a perturbative change of the background metric because Ri,q has 
causal properties pertaining to g 2 , while the causal properties of the Neumann series ()42p are 
determined by gi. 

Remark 3.6. We recall that the integral kernels of A^*" and A^ w.r.t. the metrics gi and g 2 
respectively are locally of the form [Ra96] 

{x, y) = lim ^ + Vi{x, y) log (AV^"+(x, y))^ + Wi{x, y) , (43) 
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where a^~^{x,y) = (Tj(x, y)+ ie(ij(x) — tj(y)) + e^/2, t is an arbitrary time function, Ui and VJ are 
the Hadamard coefficients corresponding to the models Si and S 2 , 2crj is the squared geodesic 
distance corresponding to the metric gi, A is a dimensionful constant and Wi is a smooth and 
symmetric function which is not uniquely determined by the Hadamard condition. has this 
local form in the exact sense on account of Proposition 13.21 However considered as a formal 
series in Q, it still has this form where now cr 2 , U 2 , V 2 and W 2 are taken as formal series in Q. 

We close the discussion of the classical Mpller map by stating the already anticipated impor¬ 
tant result proved in [DiiFrOOj (for arbitrary local interactions) that is the classical limit 
of ^iQ in the sense of formal power series in Q. For this, it is essential that h appears in the 
correct place in the definition of the 5-matrix (1241) and the products *1 and ■ 

Proposition 3.3. Let Q G ^\oc be of the form (j39|) and let ^TiIoc cind be defined by (f22]l 
and (|26l) respectively. Then for all F G ^TiIoc 

lim^f,Q(F)=.^i,Q(F) 

ft—>-0 

in the sense of formal power series in Q and its functional derivatives, i.e. for considered 
as the pullback of the Neumann series (HI]). In particular, 

t%lQ{F)=Mi^Q{F) + hG, 


where G is an in general non-vanishing formal power series in Q and its functional derivatives 
with coefficients in • 

3.3 Characterisation of the perturbative algebra and perturbative agree¬ 
ment between and 

For the remainder of this paper, we shall work exclusively in the following setting, unless ex¬ 
plicitly mentioned otherwise. We consider actions Si and S 2 of the form (l30|) where ^loc 3 Q = 
§2 — §1 is of the form (j39j) . We consider an arbitrary but fixed of Hadamard form w.r.t. 

51 and the induced algebras and = (=^reg,*i)- Moreover, we consider 

the algebras s ^2 = (^itc 2 )* 2 )) = (=^reg,* 2 ) and propagators A^, and A 2 related to 

5 2 which are uniquely induced by the same quantities related to Si via .^i,q as discussed in 
the previous section, in particular A^ = R\^q o A^ o e\qC2,i. Given an arbitrary but fixed 
prescription for the time-ordered map T{g,M,j,F) we set Ti = T{gi,Mi,i),i^i), dehne -t^ on 
local functionals via (l2T]) and recall that -t^ is in fact well-defined on =^Ti 1 oc and unambiguous 
if one of the factors is regular. Analogously the time-ordered product -Tj corresponding to *2 is 
unambiguously given on regular functionals by 

= , H,G€.^,eg, Af = A+ + iA^ (44) 

n>0 ' ■ 
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The aim of this section is to prove the PPA for regular functionals, i.e. to prove that (I38p 
is a commutative diagram with /3i q intertwining -Ti and ■T 2 ■ To this avail, we first show that 
= (^reg)*i,Q)) with as in (|28|) . is well-defined and analyse the precise form of *i,q. 
As = (^reg,*i,Q) is defined in such a way that '■ is a ^-isomorphism, 

we automatically get that /3 i_q = ^iq °^iq ■ ^ 2 ^^ is a ^-isomorphism as well. The 

PPA for regular functionals then follows from the observation that /3 i^q is a deformation and 
the identity on linear functionals. 

Remark 3.7. In perturbative QFT on curved spacetimes one would like to work only with 
interactions corresponding to local and covariant observables. Consequently, given a quadratic 
interaction functional Q, one should rather consider the local Wick polynomials Ti{Q) and 
correspondingly the quantum and classical Mpller maps and However, the 

axioms for local Wick polynomials imply that Ti{Q) — Q is a constant functional for quadratic 
Q and thus and ^i,Ti(q) = ^i,Q- 

We begin by demonstrating that = (=^reg)*i,Q) is well-defined and isomorphic to £/ 2 - 
Proposition 3.4. The following statements hold. 

(i) and are well-defined on ^reg and map regular functionals to formal power 

series in the functional derivatives of Q with values in .^reg- 

(ii) The actions oft^^q and {i^fq)~^ on =^reg are independent of the renormalisation freedom 
of the time-ordered product. 

(in) The interacting -k-product ki^q and the interacting involution *i,q, defined as in ([28]) . are 
well-defined on Consequently 



is well-defined. 

(iv) fii,Q = ^iq ° ^iQ ■ -^1 Q ^ 2 ^^ *5 ® *-isomorphism. 

Proof. Proof of (i). It is sufficient to prove the statement for a regular functional F of order n 
in (/>. To this avail, we compute 

<q(T) = *1 (5i,q -Ti F) = F + *1 (5i,q F - S^^q m F) . (45) 

We now recall that Si^q *1 F is given by an exponential contraction formula of the form ([9]), 
and the same holds for Si^q Ti F, because (jl6p is well-defined without renormalisation also for 
Gi -Ti G 2 where Gi G ^tpoc and G 2 G ^reg- Consequently, Si^q -Ti F — Si^q *1 F contains at 
least one functional derivative of Si^q and may be computed as 

Ti F - s,,q *1 F = ^ - ((Af - A+)®" , (5i,q -Ti B^) ® , (46) 

k=l 
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where 


Bk = Tl • y Tl ^ (k- 'Tl 'Tl ■ y -Tl + ■ ■ ■ (47) 

k times k — 2 times 

and where we have used the (/>-independence of the time-ordered product, cf. (IlSp . Note that 
the sum in (|45p stops at n because F is of n-th order in cf). We would now like to write this 
sum as Si^Q -Ti C with a suitable functional C. That this holds is not obvious at hrst glance, 
because the terms in the aforementioned sum for k < n contain implicitly the pointwise product 
(5 'i,q -Tl Bk) ■ • F^^'^ as F^^'^ is a regular functional of order n — k m. cj) (with values 

in ^c(^^)). Nevertheless, we can prove that the sum in (I47p is of the wanted form in the 
following way. We observe 



where the functional derivatives of F in the second term of this sum are regular functionals of 
at most n — k — 1-th order in (j). Iterating this procedure, we can write ■ F^^^ as a finite 
sum of time-ordered products and thus obtain 

^Iq{F) = F + ^Iq{C), (48) 

where C is a sum of terms of the form {Bk, with Ajj being either Af or Af — A^, 

and k > 1. Since Q is quadratic, Bk is a regular functional with values in ^c{^^) for all 
k > 1. Consequently, C is a regular functional which is at least of first order in the functional 

derivatives of Q. The statement for ^iq now follows from (14811 by an induction over the order 

in perturbation theory. 

To show the corresponding statement for we consider again an arbitrary F G ^reg 

of n-th order in (j) and recall that {^iq)~^, provided it is well dehned, is of the form 

(^l^y^iF) = ■tASi,qM F) 

Using the results from the proof of the statement for ^iq, we may compute 

{B) = Si-Q -Tl (5*1,Q -kiF) = F + Si-Q -Tl {Si^Q -kiF - Si^q -t^ F) = F - C , 

where C is a functional of the type appearing in (|48p : this concludes the proof. 

Proof of (ii). This assertion follows by an induction over the order of perturbation theory 
from the form of Bk in (j47p and the fact that Q is quadratic. 

Proof of (iii). This statement follows immediately from (i). 

Proof of (iv). ^iQ '■ is a ^-isomorphism by construction. Moreover, by 

Theorem l3.ll is a ^-isomorphism as well. Consequently, : 

is a ^-isomorphism as a composition of two such morphisms. □ 
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We would now like to compute the form of -ki^q on regular functionals explicitly. To this 
avail it is convenient to analyse the form of the commutator w.r.t. among linear functionals. 
The following observation will prove to be useful in this respect. 

Proposition 3.5. The action of and^fg on linear functionals coincides in the sense of 
formal power series in Q and its functional derivatives, in particular = 
identity on linear functionals. 

Proof. Applying the Bogoliubov formula to an arbitrary linear functional Ff we find 
= (5i,q -t.T/) 

= Sf^q M (5i,q *1 Ff) + Sf^^g M (Af, s[% ® /) - Sf^^g M (a+, s[]l ® /) 

= Ff- *1 (5i,q -t, (a^, Q(i) ® /)) , 

where = Ti follows from the (^-independence of the time-ordered product, see 
(USD. However, — (A"^, <?>/) = -^-q(i)a^/ again a linear functional, where we recall that 

defines a linear map on J’(M) which we denote by the same symbol. Consequently, we 
obtain the Yang-Feldman type equation 

■«f,Q(r/) = F/ + «f,e (F_Q(.)i,/). 

Applying this recursively, we have that 

^i,Qi^f) = -^/ + f + Fppf + ■ ■ ■ 

where rf = Recalling Ff{(j)) = (jjfdpLg.^ and the formal expansion of ^i,q via (H2]) 

we conclude that i%ig{Ff) = Id^i^q{Ff). □ 

Using the previous result in conjunction with Proposition 13.41 iiiii. we may directly compute 
the *i^Q-commutator of two arbitrary linear functionals Ff and Fg as 

[Ff^FgU.Q = Pfq iWi,Q{Ff), f3i,q{Fg)U) = ih/3f^^g{A2if, g)) = ihA 2 {f,g), (49) 

where A 2 {f,g) = (A 2 ,/ < 8 ) 5)1 and where we recall Remark 13.41 The next proposition ensures 
that the last observation together with the fact that, by Lemma [2.11 the time-ordered product of 
regular functionals corresponding to is -Ti, already determine uniquely. In this context, 
we note that, while the time-ordered product on regular functionals is uniquely determined by 
the corresponding ^-product, the inverse holds true only if one takes into account the involution 
on the algebra under consideration. Since the interacting involution =i=i^q differs in general from 
the free involution *, it is possible that the interacting ^-product and the free ^-product 
*1 have the same time-ordered product on regular functionals although they differ themselves. 
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Proposition 3.6. We recall Remark\K^ and set A+^(/, g) = (A+g, /(8)5)1, Af(/,5) = (Af,/(8) 
5)1 for d E {+,—,R,A,F} and i = 1 , 2 . The product on ^reg is uniquely determined by the 
following two conditions: 


(^) = ihA2{f,g), i.e. the antisymmetric part of the -ki,Q-product of two linear 

functionals Ff,Fg is ^hA2{f,g). 


(a) For arbitrary F,G ^ ^reg with F > G, F -Ti G = F G. 

These two conditions imply that -ki,Q is given by the usual exponential contraction formula Q, 
where the bi-distribution defining the contraction is the integral kernel w.r.t. dyig-^ of the linear 
operator 


A+ = Af - iA^— = A+ + iA^ - iA^— = A^— + Af - Af—. 

C2,l C2,l C2,l C2,l 


( 50 ) 


In particular, 


y) = A2 {x, y) + Af (x, y) - Af (x, y) 


Proof. First of all we recall that the product is homomorphic to *1. Hence, since *1 is 
associative, is associative as well. Moreover we recall that a regular functional of order n 
in (p can be seen as a series of pointwise products of n linear functionals, and that a pointwise 
products of n linear functionals can be written as a ^-product of n linear functionals plus regular 
functionals of lower order in p if the ^-product is defined by an exponential contraction formula. 
Hence, it is sufficient to prove that the ★i^g-product of n linear functionals is of the form stated 
in the proposition. 

To this avail, let us then consider two linear functionals Fj = Ff., j = 1,2 defined as in 
(|^ with fj E and using the measure dpLg.,^. If fi > /2 we immediately get Fi 

Fg Fi -Ti F2 = Fi ■ F2 + hAf(/i,/2), while in the opposite case we can use (i) to get 
-^1 *i,Q T2 = F2 M,Q + ihA2{fi,f2) = Fi- F2 + h{Af (/i, /2) + iA2{fi, /2)). Summing up we 
find 


Fi *i,Q F 2 = Fi-F 2 + hA+Q(/i, /2), ( 51 ) 

where A+g (/, 5) = Af (/, 5) if / > 5 and A+q (/, 5) = Af (/, 5) + iA2 (/, 5) in the opposite case; 
this dehnes Afg everywhere up to the diagonal. Since the Steinmann scaling degree towards 
the diagonal of this distribution is smaller then the spacetime dimension 4 the extension to the 
diagonal is unique, see e.g. Theorem 5.2 in [BrFrOOl for further details. The result is 

A+g(/, 5 ) = Af(/, 5 ) - iAf(/, 5 ), V/,5 G ^c(^). 

Now we proceed by induction. To outline the idea, we consider in detail the case with three 
linear functionals Fi, i = 1 , 2,3 fi ^ as a simplified example. By the previous case and 

by associativity of ★i,q, we know that 

F\ *i,Q (T2 F3) = F\ (F2 • F3) + ^-^iAfg(/2, /a). ( 52 ) 
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We now need more information on the Q-commutator of the first summand on the right hand 
side: again, by associativity and (i), we get 

-^1 *i,Q F2 M,q F3 = F2 *i,Q Fi F3 + ihF 3 A 2 (/i, 72) 

= {F2 M,q F3) -ki^Q Fi + ihF 3 A 2 (/i, 72) + ihF2A2{fi, fs), 

hence, using associativity and (i) we obtain the commutator 

[Fi,F 2 • FsU^q = ihF3A2(7i, 72 ) + ihF2A2(7i, 73 ). 

With the same argument as above, if 7 i ^ fj J = 2 , 3 we get Fi -ki Q {F2 ■ F3) = Fi • F2 • F3 + 

hAf (7i, 72)-^3 ~ where the contraction = aibj + ajbi indicates a symmetrisation -, while 

in the opposite case the previous results give Fi *i^q (F2 • F3) = Fi • F2 • F3 + hAf ( 7 i, 72)-^3 + 
ihF3A2(7i, 72) + *hF2A2(7i) fs)- Combining all together we have 

-^1 *i,Q F 2 *i,Q F 3 = F 1 F 2 F 3 + hA+Q(7i, 72)-C3. (53) 

The generic case is done by induction: suppose that Fi*i^q .. .*i,qF„ is given by the formula 
we are interested in with the correct A]^g whenever n < N] we would like to show that then a 
suitable formula holds in the case Fi F^^i. To this avail, we observe that, if the 

hypothesis is true for n < N it follows that the commutator 

k 

[Fi,F 2-...■FkU,^=ihY,^2{fufj)F2-...-Fj-...-Fk k = l,...,N + l (54) 

J=2 

where Fj indicates that Fj has been removed from the pointwise product. For the case k < N 
this follows directly from the induction hypothesis, whereas in the case /c = A + 1, it can be 
shown by using the inductive hypothesis and the associativity of in a similar manner as 
before. 

Once we have all these commutators we just need to argue by means of causality as above. 
In particular, if 7 i ^ 7 j' 7 = 2 ,..., A + 1 we get 


N+l 

Fi M,Q {F 2 ■ ■ ■ ■ ■ Fm+i) = Fi • ... • F^+i + h ^ Af (7i, 7 a:)-^2 • ... • F^ • ... • F^+i, 

k=2 

while otherwise we have 


N+l 

Fi M,Q {F2 ■ ■ ■ ■ ■ F/v+i) = Fi • ... • F/v+i + h ^ (Af + iA2){fi, fk)F2 • . .. • F^ • ... • Fat+i. 

k =2 

Combining the two results and considering the associativity of then imply the statement 
for the case A + 1 . □ 
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By using the previous proposition we may prove the powerful result that the isomorphism 
Pi,Q '■ ^2 is a deformation, which directly implies that the PPA holds for regular 

functionals. 

Theorem 3 . 2 . The following statements hold for the isomorphism ( 3 i^q = '■ 

(i) /Si,Q is a deformation, i.e. 

^i,Q=a<ii,Q, di,Q(x,y) = A^(x,y) - A+Q(x,y) = Af’(x,y) - Af(x,y) ( 55 ) 

where ^ is defined as in (USD and we recall Remark 

(a) fii^Q intertwines the time-ordered products -Ti and ■t 2 on ^reg, i-e. for all n and arbitrary 

Fl, . . . ,Fn G =^reg) 

(/^Pq(-^i) 'Ti ■■■ -Ti = ^1 Ta • • • Ta • 

(Hi) For an arbitrary choice of renormalisation freedom, the time-ordered map satisfies the 
Principle of Perturbative Agreement in the sense of Definition lg.il for multilinear func¬ 
tionals, i.e. 

T2{Fu...,Fn) = [fil,Q0T,]{Fi,...,Fn) 

for all linear Fi,..., Fn. 

Proof. Proof of (i). The proof of this statement is an immediate consequence of the structure 
result on found in Proposition 13.61 and the fact that is the identity on linear functionals, 
cf. Proposition 13.51 As before, we may argue that it is sufficient to prove that is of the 
stated form for arbitrary pointwise products of linear functionals. To show the latter for the 
pointwise products of two arbitrary functionals Ff,Fg, we may compute 

/ 3 i,q (Ff • Fg) = / 3 i,q {Ff M,Q Fg) - h A+q(/, g) = Fj *2 Fg-h A+q(/, g)=FfFg + h di,Q(/, g). 

Analogously one may show g for arbitrary higher order pointwise products of linear 

functionals. 

Proof of (ii). This statement follows immediately from (i) and di^Q{x,y) = A2^(x,y) — 
Af(x,y). 

Proof of (hi). This follows directly from (ii) and Proposition () 3 . 4 p (ii) as well as from 
TfiFi, ...,Fn) = Fl -Ti ■■■ -Ti Fn for all linear Fi,..., □ 

Note that the maps : .^2 ^ and intertwine time-ordered 

products although they are homomorphisms with respect to the ^-products. This is related to 
the failure of these maps to preserve causality relations among supports, but this failure cancels 
precisely in the combination fii^Q = o P^ig. 
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3.4 Extension of the perturbative agreement to non-linear local functionals 

In this section we discuss the PPA for general non-linear local functionals and prove it for the 
case of quadratic Q without derivatives, i.e. for 

Q = - / Mcjy^d^ig^ , M G ^(./#) arbitrary. (56) 

As argued in Section 13.11 in this case the PPA can not hold in the strong sense that = 
Q is a ^-isomorphism between the algebra *i,Q-generated by F G ^t^Xoc and the 
subalgebra ^ 2/2 C s ^2 (cf. (f23]l i. because is not well-defined on non-linear local functionals 
and thus is ill-defined from the outset. Notwithstanding, we know that is well- 

defined on ^Tiioc) and that ^iq '■ is well-defined by Theorem 13.II Consequently, 

/3i,q = Q ° ^iQ well-defined on ^TiIoc and there is no obvious obstacle for satisfying the 
PPA in the weaker sense of Definition [Q 

Remark 3.8. The following strategy is employed in [HoWaOS] in order to prove the PPA for 
scalar fields and for Q encoding metric changes (see also [Zal3j for a similar proof for the case 
of Dirac fields in the presence of a classical gauge field and complementary details). First it is 
argued that the PPA T 2 = /3i,q o Ti is satisfied if an only if it holds at the linearised level for all 
“1-backgrounds”. The linearised PPA is then proven by an induction over the total number of 
field factors in the arguments of the time-ordered map, by showing that at each induction step 
it is possible to redefine the time-ordered map T in a way compatible with both the linearised 
PPA and the remaining axioms for T. Thereby the conservation of the free stress-energy tensor, 
i.e. [r(/ f^V°'Tab{4>)dfig)] = [0] G for all compactly supported /“ and with Tab{4>) being 
the canonical stress-energy tensor plays an important role and is a necessary condition for the 
validity of the PPA. 

In order to reabsorb the “error term” in the linearised PPA into a redefinition of T one has 
to check that this term has the correct symmetry properties. In [HoWaO,*^ Section 6.2.6.] it 
is argued that this is the case if the free stress-energy tensor is conserved. However, although 
conservation of the free stress-energy tensor holds only on-shell, the error term discussed in 
|HoWa05l Section 6.2.6.] is a constant functional and thus vanishes on-shell if and only if it 
vanishes off-shell. Consequently, the proof of the PPA given in [HoWaOJ^ can be seen to hold 
also off-shell. 

The proof strategy of [HoWaOh] outlined above can be used in order to prove the PPA 
also for Q of the form ()56p . Thereby the symmetry property discussed in [HoWaO^ Section 
6.2.6.] automatically holds (in spacetime dimensions d < 4) due to the fact that (jP' has a lower 
“engineering dimension” than r^Jl. 

Notwithstanding Remark 13.81 we develop in this section an alternative strategy to prove the 
PPA which is closer to the spirit of Section 13.31 and uses the results obtained there. To this 
end, we examine the precise action of on general local functionals. As we have seen in the 

^We would like to thank Jochen Zahn for pointing this out to us. 
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previous section, /3 i_q = g on regular functionals where di^Q{x,y) = A^(x,y) — Af(x,y). 
If we consider this as an exact expression, we observe that a direct extension of g to non¬ 
linear local functionals by a limiting procedure is ill-defined, because the singular structures 
of /S .2 differ and thus the coinciding point limit of di^Q{x,y) is ill-defined. In more 

detail, the integral kernels of the exact Feynman propagators have locally the form (j43p up to 
replacing by Uj + ie. Thus, if Q does not contain second derivatives, i.e. gi = § 2 , the 
coinciding point limit of the integral kernel of di^q is logarithmically divergent, whereas in the 
general case, the divergence is quadratic. However, we have to view A|^ as a formal power series 
in Q and its functional derivatives, because this is the only setting in which /3 i^q makes sense 
anyway. In the very same manner, /3 i^q = ad^ g may be extended to non-linear local functionals 
without problems, as /3i^q = ^iq o ^iq is well-defined on ^Ti\oc and thus in particular on 
^loc- Hereby, the renormalisation of the -Ti- products appearing in q may be understood as 
effectively removing the divergencies in the coinciding point limit of di^g perturbatively. 

Proposition 3.7. The following statements hold for jdi^Q = o t^fq ■ ^TiIoc ^ 

(i) To all orders in perturbation theory, the action of jdi^q = ^fq °^iq on ^TiIoc is given 
by the deformation fii^q = ad^ g where di^q{x, y) = Af’ {x, y) — Af (x, y) is understood as a 
formal power series in Q and its functional derivatives, and for an arbitrary F G ^TiIoo 
all expressions of Af in the formal expansion of adj^ q{F) in terms of Af and A]*" are 
understood as being implicitly renormalised by the renormalisation of -Ti ■ Moreover, 
is well-defined on ^\oc and is of the form = a-d^ q, understood in the sense mentioned 
above. 

(a) fii,Q and jd^Q map local functionals to formal power series in Q and its functional deriva¬ 
tives with values in d^\oc- 

(Hi) jdi^q is (j)-independent, i.e. (di^q{F)^^l = jdi^q 

Proof. Proof of (i). First of all, we recall that fdi^q = ^fiq o t^iq is well-defined on ^TiIoc as 
argued in the preceding paragraph, and that fii^q = Ud^ g on ^reg- 

We discuss the remainder of the statement for the special case of a quadratic local functional 
without derivatives, the general case follows by analogous arguments. To this avail, we note 
that a generic quadratic local functional F without derivatives may be written as 

/ OO 

h{x)(j)^{x)dg.gfix) = [Ff^ -t, Fg^ - hAf{fn,gn)) (57) 

n=l 

whenever the series of Ylnifn® dn + 9 n® fn)/‘^ converges to h{x)6{x,y) in the Hormander 
topology, see e.g. [BrFrOOl IFrReldj . The application of (di^q = q with di^q = Af' — Af to 
each summand in (j57p is well-defined if we use Proposition 13.11 and our assumptions on Af in 
order to consider Af as the exact expression (in the sense of integral kernels, cf. B,emark l3.4|) 

Af = Af + iAf = Ri q o Af o Q + zAf ° R\q (58) 
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with -Ri,q = However, this also holds if we expand Ri^q in the formal Neumann 

series ([H]). Taking the latter point of view, we can express all appearing advanced and retarded 
propagators in terms of Af^ and A^. If we now switch the order of the sums in ()57ll and 

in the contraction map ^, recalling that the latter is exact since (jl3p contains at most two 
summands on account of the fact that F is quadratic, we encounter in the limit expressions in Af 
which are a priori ill-defined distributions. Yet, these expressions are replaced by well-defined 
distributions in the construction of Ti as a renormalised time-ordered product on ^\oc (see e.g. 
[BrFrOOl lHoWa02l IBDF091 IFrRel2lIFrRel4] and Remark [3. 9 1 We recall that this renormalisation 
of Ti is necessary in order to make the quantum Mpller map ^iq, and thus /3 i^q = 
well-defined on ^\oc in the first place. Note that no such regularisation is necessary in order 
to have ^iq well-defined, i.e. ^iq “does not introduce new loops” in = ^iq oM^q. 
For definiteness, one may think of replacing Af’ in the formal expansion of (3i^q{F) = ad^ q{R) 
by a regularised version A^’ which depends meromorphically on A and equals A^ for A = 0, 
cf. |Hol0l IKelOl IDFKR131IGHP15] . By doing so and choosing different A for each individual 
one obtains that, at each order in perturbation theory, (3i^q{F) = Odj^giF) is a sum of 
terms which are meromorphic in (Ai,..., Aat) for a suitable N. The renormalisation of -Ti then 
consists of removing the poles of this meromorphic expression and taking the limit of A* —)• 0 in 
a particular order (ibid.), thus demonstrating that the form of = ad^ q is preserved by the 
extension to general local functionals. 

Proof of (ii). This statement follows immediately from (i). 

Proof of (iii). This statement follows immediately from (i) or alternatively by using directly 

the definition of /3 i_q as follows. Using = —S^q S^q and ^-independence 

of Ti, we may compute for an arbitrary F G ^TiIoc 

= -^Iq *1 'U f) + ^Iq . (59) 

On the other hand. Definition 13.31 and (j3.1h imply for an arbitrary F G 

We now observe and recall the following facts: (a) /3 i^q is the identity on linear functionals by 
Proposition [331 (b) Q is quadratic, (c) *2 is related to via F* 2 G = ^iq {F^i^g{F) *i ^i^q{G)) 
for all F,G £ '^fic 2 ! cf. Theorem 13.11 (d) the time-ordered product -Tj corresponding to *2 is 
uniquely defined by (l44l) if one factor is a regular functional, (e) in this case /3i^g intertwines ■T 2 
and Ti since, for arbitrary F G ^reg and G G ^TiIoc with F > G, 



= (-*1*0 (/5w(^)) *1 *l"o (<’liQ(C))) (“) 

= ^i,g giF) M ^i,g{G)) =FmG. 
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Here we used Lemma[2Hj Theorem 13.11 and g = which can be proved by applying 

^iQ to both sides. Moreover, we used §2 > gi, which implies that if F > G in the sense of g 2 , 
then F > G also in the sense of gi, because every Cauchy surface for 52 is a Cauchy surface for 
gi- Using now (IS2I), dsni), and (a)-(e), we obtain 

= (l + Af oQ(i)) (fW) - A^Q«/3i,q(F)W) . 

The statement then follows from the last identity by an induction over the order of perturbation 
theory. □ 

Motivated by the previous result and the observation that intertwines and ■T 2 on 
^reg! we now construct a time-ordered map T = T{g, M) which satisfies the PPA w.r.t. changes 
of M as follows (we do not spell out the dependence of T on * in this paragraph). We set 
Ti = T{g, 0) where g is arbitrary and where we assume that T(g, 0) satisfies all axioms reviewed 
in Section 12.21 including the PPA for changes of the metric. Based on this, we dehne the time- 
ordered map T 2 = T{g,M) for arbitrary M G by setting T 2 = /3i,q o Ti, where Q is 

given by (1560 . We then first prove that this definition of T{g,M) satisfies all axioms but the 
PPA w.r.t to changes of M. This last property is then seen to follow from a cocycle condition 
for /3i^q which holds by our definition of T(g,M). This construction of T{g,M) is by its very 
nature perturbative in M. While this is sufficient in the context of the PPA, we shall argue 
that also outside of this context the given construction of T{g, M) is exact in the sense of fixing 
the M-dependent renormalisation freedom of T because for any given multilocal functional this 
freedom is a polynomial of finite order in M whose coefficients are themselves determined by 
the renormalisation freedom of finitely many graphs in the theory with M = 0. 

Proposition 3.8. Let us assume the following. 

(i) Let §1 be an arbitrary quadratic action of the form ([301) with Mi = 0, Q of the form (l56|) 
and §2 = §1 + Q- 

(a) LetM^Q be the quantum Mgller map defined in (l26l) . let be the classical Mgller map 
defined in (flU]) . and set jdi^g = o ^i g- 

(Hi) Let *1 be a -k-product corresponding to Si and let *2 the -k-product induced by *1 via 
Mi^g as Fk 2 G = Mfg {^i^g{F) *1 Mi^g{G)) for arbitrary F,G e = ^ilc 2 ■ 

(iv) LetTi = r(5i,0,jijM) where T{g,0,j,-*^) satisfies all axioms reviewed in Section \2.2\ excevt 
for those pertaining to M. 

Then T 2 , defined as 


T 2 = fii,g o Ti (62) 

and considered as T 2 = T{g 2 = gi,M,j 2 = 31 :^ 2 ) satisfies, in the perturbative sense, all axioms 
for time-ordered maps reviewed in Section \2.^ but the PPA for changes of M. 
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Proof. We first note that T 2 is well-defined because Pi^q maps ^loc to itself by Proposition 
13.71 and because ^iq, and thus also /3 i,q, are well-defined on ^TiIoc- Consequently, f5fQ is a 
well-defined map from ^r 2 ioc to ^TiIoc- In order to demonstrate that T 2 is a time-ordered map 
for * 2 , we note that T 2 is symmetric because Ti has this property. A computation analogous to 
m implies the causal factorisation property of T 2 w.r.t. * 2 - 

It is not difficult to check that T 2 satisfies the other axioms of time-ordered maps reviewed 
in Section 12.21 In particular, ^-independence of T 2 follows from the same property of Ti and 
^-independence of /3 i^q, cf. Proposition 13.71 (iii). whereas the Leibniz rule for T 2 follows from 
the same property of Ti and the fact that, if F is of the form P(</>) = dB^cj)) for a three-form 
then /3 i^q(F) and /3 ]“q(F) are of the same form, since /3 i^q and its inverse are given by a 
contraction exponential. 

Moreover, unitarity of T 2 ensues from unitarity of Ti as follows. Expanding the right hand 
side of T 2 {Fi, ..., F„) = [/3i,q o .. ■, Fyi'j for arbitrary n and arbitrary Ef,. ■ ■, Eii ^ 

perturbatively, one obtains an expression which, at each order in h, equals a Ii-order of *i~ 
products of Ti-products of Ti(Fj), i = 1 ,..., n and Q. This observation, together with the fact 
that a) Ti satisfies unitarity, b) unitarity holds if and only if it holds at each order in h and 
c) the involution on £/i and is the same because commutes with complex conjugation, 
imply unitarity of T 2 . 

In order to check the microlocal spectrum condition, i.e. that T2 (Ti,..., E^)|^=0j viewed 
as a distribution evaluated on the test-sections present in Fi,i = 1 ,... ,n, has the wave front 
set reviewed in Axiom 4 of Section 12.21 we may expand this distribution perturbatively in 
terms of Feynman graphs P with Af’ and propagators. The distributions ur corresponding 
to the integral kernel of each of these graphs have a wave front set of the wanted form, cf. 
[BFK951 IBrFrOO] . In order to obtain the distribution corresponding to r 2 (E"i,... we 

have to integrate the “inner vertices” of the ur against the smooth and compactly supported 
function M. The wave front set of the resulting distribution may be seen to be of the correct 
type by an application of |Hb89^ Theorem 8.2.13]. 

The continuous respectively analytic dependence of T 2 on g 2 = gi follows directly from the 
corresponding property of Ti by again expanding T 2 in terms of “l”-quantities and observing 
that each term in this expansion has this property. The fact that T 2 depends in a local and 
covariant fashion on the background fields (52 = gi,M,j 2 = ji) may be seen as resulting from 
the local and covariant dependence of Ti on the background fields {gi,M = 0,ji) as follows. In 
an arbitrary but fixed geodesically convex neighbourhood of (./#, 32 = 9 i) we define Wi to be 
the smooth parts in the local Hadamard expansion (j43]l of Af (up to replacing by crj + ie, 
and considering the same mass scale A in the logarithmic term for definiteness). We then define 
Ti = a-Wi o Ti and /3 i^q = a-W 2 ° /3i,q ° o:wi with a being defined as in (fl^ . By construction 
we have T 2 = o Ti and jdi^Q = OifjF_^F, where Hf = Af — Wi is the “geometric part” 

of Af and this form of holds up to renormalisation of Ti in the sense of Proposition 13.71 
However, as this renormalisation is done in a local and covariant way by our assumptions on 
Ti, we see that Pi^q preserves the local and covariant dependence of Ti on gi and ji and that 
the dependence of T 2 = Pi^q o Ti on M is local and covariant as well. This also implies that T 2 
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(and thus T 2 ) has the correct scaling behaviour w.r.t. to constant rescalings of the background 
fields and the correct analytic dependence on M. 

Finally, the fact that T 2 satisfies the PPA w.r.t. to changes of the metric follows from the 
corresponding property of Ti by an argument similar to the one used in the proof of the following 
Lemma 13.21 □ 

In order to prove that the time-ordered map T{g, M,j,-k) defined as in the previous proposi¬ 
tion also satisfies the PPA with respect to changes of M, we need the following cocycle condition 
for /3 i,q. 

Lemma 3.2. Let Mi, i = 2,3 be arbitrary elements of set Qi = \ Mi(jP‘dg,g^,i = 2,3, 

5Q = Qz — Q 2 and define Ti = T{gi, Mi, ji,-ki) = o Ti as in Provosition \3.8[ Then 

/3i,Q3 = fi2,&Q o fil,Q2 ■ (63) 

Proof. By Proposition 13.7( we know that this identity is satisfied up to renormalisation of the 
time-ordered product. However, by our definition of Ti,i = 2, 3, their renormalisation is uniquely 
fixed by expanding them in terms of renormalised “1”-quantities. In other words, if we apply 
the left hand side of (|53p to an arbitrary F G ^TiIoo we may expand the result in terms of 
Feynman graphs with and propagators. If we instead apply the right hand side of (1631) 
to the same F, we may first expand the result in terms of Af and A]*^ and A 2 and A^, and 
subsequently expand A^ and A^ in terms of Af and A^ themselves. By the exponential form 
of all appearing fi, we know that the combinatorics of this (iterated) expansion is such that we 
obtain the the same (renormalised) Feynman graphs in terms of Af’ and A]*^ for both sides of 

dMD. 

The statement can also be proven by a direct computation which encodes the above line of 
argument. To this end, we record a few basic identities. 

Siy+w = Ti Si^w 


/3i,Q2 (‘S'i,v) — 5'2,/3i Q2(y) (*^2,^) — 



The first one holds for arbitrary V, W £ ^\oc because Fiy is an exponential w.r.t. a symmetric 
product, the second follows for arbitrary V G ^loc from T 2 = fii,Q 2 ° Tf and the third one holds 
again for arbitrary V G ^loc because of the second and = 1. Finally, the last identity 

follows from the defining properties of the classical Mpller map. We omit the meaning of the 
^-inverse of F-matrices, the canonical inverse is implied. Using these identities, we find for an 
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arbitrary F G ^nioc with G = 


[132,SQ o /3i,Q2] (F) 

= » »15q] (O) = o (Sy'g *2 (S 2 .SQ G)) 

(-^1-02 (‘^Vq) *1 ^1’'32 (‘?2,5Q -Ta G)^ 


?-l 


i,Q 3 I I ^hQ2 I 


-1 


*1 ■ 




LW) 'F 


~'^i,Q3 ( ('^bQ2 'Ti j *1 5'i,Q2 *1 ‘S'i,q2 *1 [*S'i,Q2 'Ti -Ti 




,Q 2 ^ 


,«-i 

hQs 1,Q2+/3 i c 


1,Q2 


(SQ) 


(F) = /3i,q3(F). 


In the last step, we used that for any V € ^\oc and any constant functional 

C and that / 5 ]~q 2 is a constant functional, because bQ is quadratic and ( 3 i,Q 2 is 4>~ 

independent. □ 

We may now combine Proposition 13.81 and Lemma 13.21 in order to obtain the wanted result. 

Theorem 3.3. Under the assumptions and using the notation of Proposition l^.<iil and Lemma 
1 3. .21 let Ti = T(g'i, 0, an arbitrary but fixed time-ordered map which satisfies all axioms 

reviewed in Section except for those pertaining to M, and let Qi,i = 2,3 be of the form 
(IMI) for arbitrary Mi G = 2,3. Then T 2 , defined as T 2 = fii^Q o Ti and considered as 

T 2 = T{g 2 = gi,M 2 ,j 2 = ji,* 2 ) satisfies, in the perturbative sense, all axioms for time-ordered 
maps reviewed in Section 12.21 In particular, T 3 = / 3 i^q 3 o Ti satisfies 


T 3 = (32,5Q ° T 2 . 

Remark 3.9. Our construction of a time-ordered map satisfying the PPA for quadratic Q 
without derivatives is dehned directly in terms of perturbative quantities which seems unsat¬ 
isfactory at hrst glance. However, as anticipated, we shall now argue that the construction is 
exact regarding the determination of the renormalisation freedom of Tm = T{g,M,j,-k) in the 
sense that for arbitrary but fixed Ti,..., T„ G ^loc, the M-dependent renormalisation freedom 
of Tm{Fi, ... ,Tn) is a polynomial in M (and its derivatives) of finite order whose coefficients 
are hxed by hxing the renormalisation freedom of hnitely many expressions in the theory with 
M = 0. We shall illustrate this at the example of a quadratic local functional. 

We start by analysing in more detail the perturbative structure of (3i^q = g, di^Q{x,y) = 
A 2 {x,y) — Af{x,y), cf. Proposition 13.71 To this avail, we combine ([581) and (|32]l in order to 
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realise that, at n-th order in perturbation theory with n > 0, di^Q equals given by 

n 

di,Q,n = J2^PAt{r^r-P + iAf{r^r 

p=0 



= ,’'(±{(Af-Al)QmyAt{Qm(Af-At)y-’’ + Af{QW(Af-At)y'\ 


where the appearing products and exponents indicate iterated compositions and not pointwise 
products of distribution kernels and where we recall that induces a formally selfadjoint 
linear map on which we denote by the same symbol. At zeroth order in perturbation 

theory di^Qfi = 0. 

We would now like to analyse the regularity of this expression. While this may be deducted 
from structural results in perturbative QFT on curved spacetimes, see e.g. [BrFrOOl IHoWaO^ 
IBDFOQi IFrRel2l IFrRel4] . it is instructive to derive it in detail. To this end, we make a prelimi¬ 
nary observation. Consider two distributions A,B£ whose wave front set is contained 

in WF(A^' ' ). Whenever their composition is done on a set of compact support, which is 
the case at hand because supp((5) is compact, we can use [Ho89[ Theorem 8.2.14] and the form 
of WF(Aa ' ) in order to realise that their composition is well-defined and has the following 
wave front set. 


WF(AoB) C WF(Af), 
WF(AoB) C WF(Af), 
WF(AoB) C WF(Af), 
WF(AoB) = 0, 


if WF(A),WF(B) c WF(Af), 
if WF(A),WF(B) c WF(Af), 
if WF(A) C WF(Af),WF(B) C WF(Af) 
if WF(A) C WF(A7),WF(B) C WF(Aa 


With this in mind we observe that all contributions containing A]” in (1641) are smooth because 
they are of the form AyoA with WF(A) C WF(A]'')- Moreover, by an induction over n, one may 
show that the remaining terms in (16411 containing both A]*" and Af^ cancel exactly. Consequently 
we find di,Q,n = Af Af)'^ + A, where A has a smooth integral kernel. When applying 
/3 i,q = Orfi Q to a non-linear local functionals, we encounter products of coinciding point limits 
of derivatives of di,Q, and consequently, products of coinciding point limits of derivatives of the 
integral kernel of the linear map Af^ (QA) for arbitrary re G N. In the language of Feynman 
diagrams, these expressions correspond just to “big loops” made of re -|- 1 vertices joined by 
re-|-1 propagators Af and with the operator QA) being applied in re of this vertices, whereas the 
re -|- 1-th vertex is x. These diagrams are renormalised by standard techniques while extending 
■Ti to local functionals, see e.g. [BrFrOOllHoWa02lIBDF091 IFrRel2l IFrRel4j . However, in general 
not all Af Af’)"', which are clearly monomials of re-th order in Q, need to be renormalised. 
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In order to analyse the interplay between the renormalisation freedom of T 2 = o Ti on 
local functionals and the renormalisation freedom of Ti on multilocal functionals we consider the 
functional cjP', omitting the smearing for simplicity. The most general definition of E 

compatible with all axioms is [HoWaDfl IHoWaDl^ 

Ti{(lP‘{x)) = (t)^{x) + Wi{x, x) + aR{x) 


where Wi{x,y) is the smooth part of in the local Hadamard expansion (|43l) . R is the scalar 
curvature and a is a dimensionless constant. In view of our construction in Theorem 13.31 we 
consider Mi = 0 and thus no corresponding term appears in Ti^cfP'). If we evaluate T2{4>^) based 
on = ad^Q with di^Q{x,y) = A^(x,y) — Af{x,y) considered as an exact expression, we 
find 

T 2 {(jp‘{x)) = + W 2 {x, x) + aR{x) + bM 2 {x) 


where the dimensionless constant b corresponds to “lima:^j/log(A^(T(x, y))”. This expression is 
obviously divergent, but is regularised implicitly by expanding di^g perturbatively as explained 
above. In particular the value of b is in one-to-one correspondence with the renormalisation 
freedom of the “fish-graph” Af (x, y)^, which is in fact the only divergent graph contributing to 


Remark 3.10. In principle one could try to use the same proof strategy as the one used in 
Theorem 13.31 in order to prove the PPA for changes of the metric as well. An natural possibility, 
at least on topologically trivial subsets of M, would be to consider the Minkowski metric as 
a reference metric yo and to “add” the dependence of T on non-trivial metrics in the same 
manner as in Theorem 13.31 The time-ordered product constructed in this way may be seen 
to satisfy all axioms for time-ordered products including the PPA, but one: whereas it will 
be local and covariant with respect to the reference metric yo and the metric perturbation 
5g = YMet(y]j7det(yo)ffl — yo, it will in general not be local and covariant (in the perturbative 
sense) with respect to yjj. In particular one expects that demanding locality and covariance with 
respect to yi imposes conditions on the reference time-ordered product which can not be satisfied 
in the cases where the PPA is known to fail, e.g. in two spacetime dimensions. In addition to 
this issue the perturbative nature of such a construction in the case of metric changes is more 
severe than in the case of quadratic Q without derivatives, because the discussion in Remark 
13.91 implies by “power counting” that for Q containing second derivatives in principle infinitely 
many loop graphs in the theory with the Minkowski metric contribute to the renormalisation 
freedom in the theory with a general metric. 

Remark 3.11. The PPA implies that is a ^-isomorphism between the subalgebra 

of ^ 2 {’^fic 2 T* 2 ) which is :*r 2 -generated by elements of ^TiIoc and the well-defined algebra of 
interacting observables cf. Definition 12.31 In particular maps an element of the 

form F *2 G with F,G G ^\oc to q(/3(“q(F)) *1 .^(*q(/3(“q(G)). Moreover descends to 
a ^-isomorphism between the on-shell algebras j and where ^ cf. 

Definitions Ea and B3I _ s s no 

®We would like to thank Jochen Zahn for pointing this out to us. 
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4 The generalised Principle of Perturbative Agreement 


In the previous section, we have discussed the Principle of Perturbative Agreement for the case 
of quadratic actions, i.e. we have seen how quadratic interaction potentials can be treated either 
in perturbation theory or in an exact fashion, and in which precise sense these two possibilities 
are related. In this section we aim to show how this analysis can be generalised to the case where 
an additional interaction potential is present which is in general of higher-than-quadratic order 
in the field. In this case, the question to be answered is whether treating the quadratic part of a 
general polynomial interaction potential either perturbatively or exactly gives the same results 
in the algebraic sense. We have seen in the previous section that, in the purely quadratic case, 
the pertu^ative agreement does not hold in the strong sense of a ^-isomorphism between the 
algebras and if one is interested in algebras containing physically interesting observables, 
i.e. powers of the field at the same point (see however Remark l3.Iip . Yet, also in the generalised 
case it is instructive to first discuss the perturbative agreement in heuristic terms in order to 
grasp the essential ideas. To this avail, we consider once more a heuristic diagram. 


£/i e 


h,Q+v 












(65) 


n,Q+v 


7i,Q,y 


^2y 


In this diagram, we use again dashed arrows to indicate that their sources are ill-defined 
and thus formal. jYi = {^^^-,-^ 1 ) is the exact algebra corresponding to an (at most) quadratic 
action Si, is the (modified) classical Mpller map and £^2 = is the exact algebra 

corresponding to the (at most) quadratic action S 2 = Si + Q, constructed in such a way that 
• ^2 is manifestly a ^-homomorphism. Moreover, y indicates the quantum 

Mpller map corresponding to the free action X and the perturbation Y and ^x,Y indicates the 
heuristic algebra of interacting observables constructed in such a way that is formally a 

♦-isomorphism between sYxy and a subalgebra of C sYx- The upper triangle corresponds to 
the PPA in the quadratic case, whereas the generalised Principle of Perturbative Agree¬ 
ment (gPPA) may be formally stated as to require that and sY 2 y are isomorphic, 

the isomorphism being indicated by 71 ,Qy. The PPA in the quadratic case implies that (5i^q 
effectively intertwines between the two points of view that Q is either a perturbation or part of 
the exact theory. In fact, the forthcoming analysis will show that this persists in the presence 
of an additional interaction V, i.e. that essentially 71 ,gy = Pi,Q- 
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In contrast to the quadratic case, we shall not analyse a rigorous version of this diagram 
given by the restriction to regular observables, because this is in general not possible if V is of 
higher-than-quadratic order in (j). Instead we shall directly use the PPA to prove the gPPA 
in a version which is useful for applications in perturbation theory. Namely, as discussed in 
Section [2l one may construct well-defined algebras of interacting observables corresponding to 
a free action X and a perturbation Y by considering the algebras which are generated 

by where F is a time-ordered product of local or regular functionals. Thus, for 

applications it is sufficient to prove the gPPA in terms of a relation between the well-defined 
objects and ^ 2 T 2 {V)' the time-ordered maps appear because one would like 

to deal with interactions corresponding to local and covariant Wick polynomials, cf. Remark 
[Q and also Remark [3^ 

Theorem 4.1. In addition to the notations and assumptions of Deftnition AS. 1\ we consider an 
arbitrary V E ■^loc o,nd denote for arbitrary quadratie aetions X and X + Y of the form (ISOf) 
by Y quantum M0ller map constructed by means of the produets and -Tx as in (f 26 ll . 
If the time-ordered map Tx satisfies the PPA as in Definition \3.R i.e. if Tx+y = fix,Y ° Tx, 
then the following identity holds on ^TiIoc 

^\,Q+Ti{V) ~ ° ^2,T2{V) ° 

Proof. We recall that is a well-defined map between ^r 2 ioc and ^rpoc and recall a few 
basic identities already used in the proof of Lemma 13.21 


-1 


Sl,v+Q = Siy -Ti Si^Q 

/3i,q {Si,v) = S2,y Q(y) ^ (5'2,y) = 

(sit) = (*i ,0 (S 2 .v))-‘ = («f,Q 

Using all of these basic identities. Theorem 13.11 the PPA and = I%iq o which can be 
proven by applying to both sides, we compute for an arbitrary functional F E ^TiIoc 

f^l,Q ° ^2,T2(V) ° ('^) 

= ^i,Q (‘S'^T 2 (y) *2 {S2,T2{v) ■T2 

= ^1,Q (5'2^T2(y)) *1 {S2,T2(v) ■T2 /3i,q(T)) 

= ('^i ,<3 ('S’l.rpv))) *1 {S2,T2{v) ■T2 fii,Q{F)) 

= ('^i,<3 ('S’l.rpy))) *1 ^i,Q (5'i,Ti(\/) -Ti F) 

= (<51,Q Ti <5 i,Ti(f)) ^ *1 <51,(3 *1 '5i“q *1 (<5i,q -Ti <5i,Ti(y) -Ti F) 

~ ^l,Q+Ti(V) *1 ('^1,<3+R(V) "Ti F) 


ph 

h,Q+Ti{V) 


(F). 
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□ 


Remark 4.1. Theorem 14.11 and Theorem 13.11 imply that is a ^-isomorphism between 

the well-defined interacting algebras of observables s^ 2 ,T 2 (V) their on-shell 

versions Definition 12.31 This generalises the same relation for the 

case D = 0, cf. Remark FSTII 

5 The thermal mass and KMS states for interacting massless 
fields in Minkowski spacetime 

We shall now apply the generalised Principle of Perturbative Agreement in order to construct 
equilibrium states for interacting massless scalar fields in Minkowski spacetime. We will ac¬ 
complish this task by extending the results obtained in [FrLil4] for the massive case. In fact, 
in |FrT414] . the authors succeeded to construct a KMS state on the perturbatively constructed 
algebra of interacting observables for the case of a massive free field and an arbitrary local in¬ 
teraction V. This construction is carried out by generalising techniques of quantum statistical 
mechanics to the field-theoretic case. To this avail, the ill-defined Hamiltonian is replaced by a 
well-defined time-averaged Hamiltonian and the adiabatic limit is dealt with by using algebraic 
isomorphisms in order to restrict the discussion to a finite-time slab of Minkowski spacetime 
and by proving that the remaining adiabatic limit in the spatial directions is well-defined. In 
|FrLil4| . it is not proved explicitly that the KMS states constructed hereby are independent of 
the finite-time slab chosen, however, we shall demonstrate in Section [5. 2l that this is indeed the 
case. 

The analysis of the spatial adiabatic limit in |FrLil4] relies heavily on the fact that con¬ 
nected correlation functions of massive free fields in KMS states decay exponentially in spatial 
directions. For this reason, the results of [FrLil4] can not be directly applied to the massless 
case. However, it is widely believed that the massless (/)^-model in a thermal state shares at 
least some of the good infrared properties of its massive counterpart due to the occurrence of 
the thermal mass. In the functional picture, this quantity can be understood as follows pl^ . 
We recall that a local functional such as V(^) = f € considered as an 

element of the algebra of free fields corresponds to a smeared field polynomial 

which is Wick-ordered with respect to the (symmetric part of) the bidistribution defining 
the ^-product. Initially, the ^'^-model in Minkowski spacetime is considered to be constructed 
based on the field monomial Wick-ordered w.r.t. the vacuum two-point function of the 
free field, and thus as an element of the corresponding algebra = (^/ic,*oo)- However, for 
practical computations in a KMS state with inverse temperature /3 it is more convenient to pass 
to the algebra sz/p = {^gc,*i3), in which the ★-product is induced by the two-point function A^ 
of the free field in the /3-KMS state. As we have discussed in Section [2l this is implemented by 
the isomorphism ad : where d = A^ — A+ and ad is a contraction exponential of the 

form ()13p . Under this isomorphism, V transforms as U a^d(^) = V -h Q + C, and thus picks 
up a quadratic term Q = ^ (and an irrelevant constant term C). The coefficient 
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rrip of this quadratic term is interpreted as the square of a thermal mass, and one may compute 
that it is proportional to in the massless case. 

Motivated by the thermal mass idea, we shall prove the existence of Minkowskian KMS 
states on the interacting algebra corresponding to the massless quadratic action §i and an 
arbitrary local interaction Ti[V) = V G =^ioc as follows, where note that on Minkowski spacetime 
Til^joc ~ ^ mass m = 0. We split V asy = Q + V — Q, where Q is an arbitrary non-trivial 
positive quadratic local functional corresponding to an arbitrary non-vanishing “virtual mass”. 
We then consider the KMS state ^2T2(V-Q) adiabatic limit of the interacting algebra 

^2,T2{V-Q) constructed as in [FrLil4] . Our previous analysis implies that the renormalisation 
freedom of the time-ordered product can be fixed in such a way that the algebras ■s^ 2 ,T 2 {V-Q) 
and ^ly are isomorphic, the isomorphism being the (modified) classical Mpller map We 

shall argue that ^i,q preserves the defining properties of KMS states in the adiabatic limit; this 
implies that oj^y = ^ 2 T 2 (V-Q) ° ^iq ^ well-defined KMS state on s^\y in this limit. 

5.1 KMS states for interacting massive fields in Minkowski spacetime 

In order to pursue the plan outlined above, we briefly review the construction of KMS states 
for interacting massive scalar fields in Minkowski spacetime as devised in |FrLil4] . To this 
avail, we consider a free massive Klein-Gordon field on Minkowski spacetime M = 
i.e. ./# = and g is the Minkowski metric. We denote hy £/ = the algebra of 

observables of this free theory constructed as reviewed in Section O suppressing the dependence 
of quantities on the field model (i.e. the mass) and the metric throughout this subsection. Here, 
the ^-product is constructed by means of a time-translation invariant Hadamard distribution 
A+. We further consider an arbitrary local interaction V G =^100 and denote this explicitly as 
V{f) for / G in order to spell out the test function / which cuts off the support of V 

in spacetime. The algebra of interacting observables corresponding to this interaction will be 
denoted by and we recall that this algebra is ^-generated by with F G ^Tioa 

i.e. K is a time-ordered product of local and regular functionals. Here, is the quantum 

Mpller map, cf. (|26l) . Finally, we denote by and ^y^f^ the on-shell versions of and 
cf. Definitions 12.21 and 12.31 and we denote by e.g. the subalgebras of 

^ = j 2 /(M), ■s^vif) = ^v(f)i^) containing elements F with supp(F) C ^ C M. 

We start by recalling the definition of KMS (Kubo-Martin-Schwinger) states. 

Definition 5.1. Let (jz/,*, *) be a *-algebra over C and let {at} be a one-parameter group of 
automorphisms of £/. A state on £/ is called KMS state of inverse temperatnre /3 (also 
/3-KMS state) with respect to {at} if the functions 

M”" 3 (fi,..., tn) —>■ (oti {Fi) * ... * ay{Fn)) Fi,... ,Fn G jz/, 

admit an analytic continuation on 

= {{zi Zn) ^ 0 < '^Zi - ^Zj < (3,1 < i < j < n} , 
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which is bounded and continuous on the boundary of ■, where it satisfies the boundary 
conditions 


[ottiiFi] -k .. .-k at^_^ {Fk-i) * Oit^+ipiFk) * ... * at^+iii{Fn)) 

= {atf. [Fk) -k .. .-k at„ [Fn) * at^ (Fi) k ... k at^_^ (Fk-i)) 

for all k E {1,..., n}. 

We would like to construct an interacting KMS state for the interaction V (/) in the adiabatic 
limit lim/ —)• 1 starting from a KMS state lo^ on si^ i.e. formally we are interested in a state 
on siy(x^. The adiabatic limit limj^i may be understood algebraically as follows 

[BrFrOO| . Consider F E ^t\oc and /, /' E s.t. / = /' on the causal completion of supp(F). 

Then there exists an T-independent unitary Ufj> C S/ s.t. {F) = Ufj,kM^^^^{F)kUj}. 

Thus, the algebra siy(^j-^{ff)^ is uniquely determined by the form of / on the causal completion 
of G up to isomorphy, and, in this sense, one may consider limj_j,i siyi^j'j{G) as being equal to 
s/v(^j)(G) with / = 1 on the causal completion of G. 

In order to discuss KMS states on ■^y(f) in the adiabatic limit, we introduce a one-parameter 
isomorphism group on this algebra corresponding to time-translations. Let 3 (p (pt & 

S’(^) be the map defined by (ptix) = (p{x — teo), where cq is the time-direction of an arbitrary 
but fixed frame of M. By pullback we get a one-parameter group of automorphisms {at} of s/ 
defined by at{F){(p) = F{(pt), since, by assumption, the ^-product is implemented by a time- 
translation invariant A"*". The time-translations on siy[f) in the algebraic adiabatic 

limit are defined by demanding that ^y(^f^ intertwines the free and interacting dynamics, i.e. 
for F E ^Tioc s.t. / = 1 on the causal completion of supp(T) U supp(at(F)), 

{^Vif)iF')) = Kif) (MF)) = at {^L,ivif))iF')) ■ (67) 

In this sense, one may think of {a^^^^} with / = 1 on the causal completion of G to represent 
the interacting dynamics {a^^^^} on s/y(^f^{G) in the adiabatic limit. 

The essential starting point of the construction of |FrLil4] is to restrict both observables 
and interactions to an e-neighbourhood Eg = (—e, e) x S of a Cauchy surface S of M. For 
the former, one may use the time-slice axiom |ChFr09| which implies s/°'^{T,f:) ~ = 

si°'^,siy'^jr.^{T,^) ~ = -siy^j-y lu Order to restrict the interaction to E^, we consider a 

temporal cut-off x £ ^(K), i.e. an element of the set 

Je = {X G I supp(x) C (-2e, 2e), x = 1 on (-e, e)} . (68) 

In analogy to the discussion of the algebraic adiabatic limit, one may show that the algebras 
s/y^j)(F,f:) and .« 2 /y(^j)(Ee) are isomorphic, where the isomorphism is implemented by unitaries 
in si. The limit limj_j,i (T) is well-defined for all F E ^Tioc because J“(supp(F)) n 

supp(x) is compact by the compact support of F. Consequently, the algebra j 2 /y“^^(Ee) is 
well-defined and may be considered as a representation of the adiabatic limit of j 2 ^“^^(M). 


42 








In this representation, the interacting dynamics in the adiabatic limit is implemented by the 
one-parameter automorphism group satisfying ([67]) with V{f) replaced by V(x) if 

supp(F) U supp(atF) C We note that the elements of are formal power series 

with values in in this sense C 

The construction of a /3-KMS state w.r.t. the I/(x)-dynamics on now proceeds 

as follows. We consider an h £ ^(M^) s.t. /i = 1 on Bj., the sphere in with radius r centred 
at 0. We further consider C s.t. the causal completion of is a subset of (—e,e) x Br- 
Then and on where is defined 

as in (j67n . One can show that [FrLil4| . for sufficiently small t, the y(x/i)-interacting and the 
free time-evolution in G are intertwined by unitaries U^{t) £ .e/(S 2 e) 

“f''" («('(,,yr)) = u^(t) * a, (*t(,,M(r)) *!/;(()-'. (69) 

The unitaries Uj^{t) satisfy the co-cycle condition Uj^{t -|- s) = U^{t) * at{Uj^{s)) for sufficiently 
small parameters. From this one can infer that the infinitesimal generator of U^{t) is 


K^ = - 
^ i dt ^ 


t=o 


= «t(x/.)(r('*r)). 


(70) 


where x (t) = x(f)0(—f), with 0 denoting the Heaviside step function. 

Based on this, the authors of |FrLil4| first construct a /3-KMS state w.r.t. the V{xh)- 
dynamics on which is clearly a /3-KMS state w.r.t. to the F(x)-dynamics on 

with G as above. In order to obtain a KMS state w.r.t. V{x) rather then V{xh) 
on the adiabatic limit /i —)• 1 is taken in the following sense due to van Hove. 

A sequence {ah)h&&{R^) admits van Hove-limit vH— lim/i_).i ah if, for all possible choices of 
sequences {hn)n C ^(M^) such that 0 < hn < I, = 0, it holds that lim^^oo clh^ 

is finite and does not depend on the sequence {hn)n- 

After these preparatory considerations we now collect the subsidiary and final results of 
[FrLil4| in the form of a single theorem for the sake of brevity. 

Theorem 5.1 1 [FrLil4] ). Let he the ft-KMS state on with respect to {at}. 


(^) 


For h £ ^(M^) s.t. h\B^ = 1 and G C Tif: s.t. the causal completion of G is a subset of 
(—e,e) X Br, the linear functional ^ 


LU 


0 

Vixh) 


{F) = 




(71) 


is a ft-KMS state with respect to 


(ii) 


The interacting KMS state m can he perturbatively expanded in terms of the connected 
(also called truncated) correlation functions ooc of , viz. 


OJ- 


Vixhf 


oo „ 

(F) = J^(-I)- / 4{F*c^^uAK(()*...*a,^„iK^))dU, 

n=0 "'0^^ 


(72) 
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where dU = dui ... dun and /3S„ = {(tti,... ,Un) € M”| 0 < ui < ... < < P}. 

(in) For arbitrary x,x' G ^v(xh)^^) = ^Vix'h)(^) ^ ^ ^ (^)- 

Thus, prior to the adiabatic limit h ^ 1, the interacting KMS state depends at most on h 
and the size of the time-slab Sg of Minkowski spacetime. 

(iv) In the adiabatic limit /i —>■ 1, the generator in (f72]l may be 

replaced by tI^y^f^^{V{hx~)). By doing so, each term in the formal sum (f72]l is multilinear 
in h. Consequently, if for all n and Fq, Fi, ..., F„ G ^ (5^2e) functions 

f5§>n X M 3 (ui ) • • • ) Un, Xi, . . . , X^i) I ^ LO^ (Fq * (Fi)*...* 

^Xn, (K)) , 

are in F^(/3§n x then the van Hove-limit 

i^J(^,(F)ivH-lim (73) 

exists and defines a /3-KMS state on (Se) with respect to Here at^x denotes a 

spacetime translation by {t, x) implemented on in analogy to the time translation 

at and the analytic continuation of at^x to imaginary t is understood in the weak sense 
and well-defined on account of the KMS property of ui^. 

(v) In the case of a massive Klein-Gordon field on Minkowski spacetime, the ft-KMS states 
on satisfy the integrability condition in (v) for all 0 < /3 < oo, including the vacuum 
for (3 = 00 . Consequently, in this case, (HU) and dH define an interacting (3-KMS state 
on 

5.2 Independence of the interacting KMS state on the temporal cut-off 

As argued in the previous subsection, the algebra may be considered as a representa¬ 
tion of the algebra in the adiabatic limit / —>■ 1. Consequently, by pullback, the KMS 

state on constructed in [FrLil4| as reviewed above, may be considered as a KMS 

state on (M) in the adiabatic limit. One expects that, in the absence of phase transitions, 
a /3-KMS state is uniquely determined by (3 and the one-parameter automorphism group. Con¬ 
sequently, ^v(x) independent of both x G Je and e. The question whether this holds 

was left open in [FrLil4] . cf. the comments at the end of Section 4 in |FrLil4| . In the following, 
we shall prove that this is indeed the case. 

Proposition 5.1. Using the notation of Section \5.1l consider an arbitrary but fixed e > 0, the 
corresponding finite-time slab of Minkowski spacetime, and an arbitrary but fixed x G 
Moreover, let Fi,..., Fn be arbitrary elements of .^tioc with supp(Fj) C for alii G {1,..., n} 
and let he the (3-KMS state on constructed as in Theorem 15.11 Then, the 

following statements hold for the expectation value 

~ ^V{x) * ■ ■ ■ ^ 
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(i) is independent of x, E^ = E^^i for all x,x' ^ ^e- 

(a) E^ is independent of e, i.e. for all e' > e and all x € x' ^ -^x ~ ^x'■ 

Proof. Proof of (i). We prove the statement for a single generator the general case 

follows analogously. To this avail, we set 

fn{hi,h2,h,x) = (-ir / dUu! fl aiu, {K(h,x)^y ih^x))] 

By Theorem 15.11 (iv), we have E^ = vH—lim/i_^i ^^/„(!,/i, 1, x). We would like to show 
that this van Hove-limit is independent of y. We shall demonstrate this for the n = 1 con¬ 
tribution to the formal sum, the case of general n can be shown by entirely analogous argu¬ 
ments. To this end, we consider a van Hove-sequence {hk)k such that vH— lim/i_>.i /i(l, h, 1, x) = 
limfc_^oo/i(l,/ifc, 1, x) and that the derivatives of hk are uniformly bounded in k. We analyse 
the difference fi{l,hk,l,x) - fi{hk,hk,hk,x) by splitting it as 

/i(l,/ifc,l,x) - fi{hk,hk,hk,x) = Rkix) + Skix), 

Rkix) = 1 ,X) - fi{'^,hk,hk,x), Skix) = fii'^,hk,hk,x) - fiihk,hk,hk,x) ■ 

For sufficiently large k, Skix) vanishes because Vixhk) — Vix) is causally disjoint from supp(T) 
for ki^ 1. The same argument does not hold for Rkix), because the support of VihkiC) is in¬ 
creasing in line with the support oiVixhk). However, for /c S> 1, the supports oi^%yf^^.^iV ihkX~)) — 
.^y(^^^)(P(/ifcX~)) and considered as elements of the free algebra .e/(S 2 e), are space¬ 

like separated for large k, with the spacelike separation monotonically increasing in k. 

We would like to deduce from this fact that limfc_>.oo Rkix) = 0- Yet, as discussed at the end 
of Section 4 in [FrLil4] the clustering properties of ujc recalled in Theorem 15.11 (v) and proved 
in [FrLil4] are not sufficient to control the limit limfc_>.oo/i(l,/ifc,/ifc, x)) but stronger clustering 
properties are necessary. In fact, one needs to prove that for all Ai G £^{E 2 e) and all m G N^, 
the function 

F^iui,xi,... ,Uk,Xk)igo, ■ ■ ■ ,gk) = a,, 

is uniformly bounded by an absolutely integrable function for all gi in some bounded set of 
^i.y^). Here, [A]g^'^ denotes the m-th perturbation order of I^y^^^iA). We prove in Lemma 
IC.ll that. as conjectured in [FrLil4] . this clustering property indeed holds for the massive Klein- 
Gordon field on Minkowski spacetime, whence limfc_).oo Rkix) = 0- 

As the final ingredient of our proof, we note that, by Theorem 15.11 (in), fiihk,hk,hk,x) = 
fiihk, hk, hk,x') for all x,x' ^ and k large enough so that the causal completion of supp(F) 
is contained in ((—e, e) x Bk), where we recall that Bk C is the sphere of radius k centred at 
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0 and that, by assumption, = 1 on B^- Collecting all these observations, we may compute 
for arbitrary y, y' E 

lim (/i(l,/ifc,l,y) -/i(l,/ifc,l,y')) 

fc —>-00 

= lim {fi{hk,hk,hk,x) - fi{hk,hk,hk,x') + Rk{x) + Sk{x) - Rk{x!) - Sk{x')) 

k^oo 

= 0 . 

Proof of (ii). In order to simplify notation, we define an equivalence relation on ^(M) by 

X^eX y, y' E Je . 

With this notation, we can rephrase the result of (i) by saying that = E^i if y y'. In 
order to prove the statement, we hrst consider e' E (e, 2e). Then, for all y E and all x' ^ HeE 
we can hnd a y" E Jg H Jg/ such that y y" ~£/ y'. If s' > 2s we can choose a yinite sequence 
ei,... ,Sn, with e < ei < 2s, Sj < Sj+i < 2sj for all j E {1,... ,n — 1}, Sn < s' < 2sn, and 
yi,...,yn+i E ^(M) such that yi E Je n Xj+i € Js, n 3,^^, for all j E {1,... ,n — 1}, 
Xn+i G 3e„ n 3^1. With this choice of Xj, we obtain y xi ~£i • • • Xn+i ~£' x', which 
proves the statement on account of (i). □ 

5.3 KMS states for interacting massless fields in Minkowski spacetime 

We shall now combine the generalised Principle of Perturbative agreement (gPPA) with the 
construction of interacting massive KMS states reviewed in Section 15.11 in order to construct 
KMS states for massless interacting fields on Minkowski spacetime. To this avail, we combine 
the notation used in 15.II and in the earlier sections of this paper. Quantities indexed by “ 1 ” shall 
refer to the free massless Klein-Gordon field. For definiteness we choose the ^-product on the 
free algebra si\ = j ) which is induced by the two-point function of the quasifree massless 
vacuum state A^(/, 5 ) = Wj“(/, 5 ), /, 5 E We consider an arbitrary local interaction 

V{f) E .^loc, spelling out the test function / which localises the support of the interaction to a 
compact region of spacetime. Finally, we consider a quadratic local functional Q{f) of the form 
[Q{f)]{(p) = fcjP'dyig, where mq > 0 is an arbitrary but fixed “virtual mass” and / is a 

positive test function. 

In order to apply the gPPA, we recall the relevant objects for the convenience of the reader, 
where we use a slightly different notation than in Section [3] and 0] in order to spell out the 
dependence of quantities on /. ■^i,q(/) : 3^fic is the classical Mpller map defined as the 

pullback of 

-^i.<9{/) • , Ri,Qif) = I + ^i+Q{f) o = I + , 

where A^^g^^^^ is the advanced Green’s operator of the Klein-Gordon operator Pi_|_g(j) = Pi + 
= —Dg + rug/. We define 
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which is of Hadamard form w.r.t. and a corresponding ^-product such that 

■ s^i+Q[f) = is a ^-isomorphism, cf. Theorem 13.11 Note that we 

use the same Minkowski metric for both field theoretic models such that we do not have to deal 
with two different spaces of microcausal functionals and two different integration measures. By 
Theorem 13.31 we can fix the renormalisation freedom of the time-ordered map in such a way that 
Ti_|_Q(y) = /3i Q(j)ori for all multilocal functionals. Under these conditions, Theorem 14.II implies 
that the classical Mpller map ■^i,q(/) is a ^-isomorphism between the algebras of interacting 
observables ■i^i+Q{f),T^+Q(f){vU)-QU)) Remark [4Tl 

We now fix e > 0 and consider the e-neighbourhood of a Cauchy surface S of Minkowski 
spacetime = (—e,e) x S. We further choose a temporal cut-off x E Jg C ^(M), cf. (f68]l . 
By the above considerations and arguments reviewed in Section 15.11 we have for all C the 
following ^-isomorphisms 


- •2^i+Q(/),ri+Q(j.)(y(/)-Q(/))(^) ^ •«^i+Q(/)Ti+g(j-)(y(x/)-Q(x/))(^) ('^5) 

induced by 


aft 

MT(/) 


{F) = 




= C/*i 


^1+Q(/)Ti+q(/) 

aft 


(yU)-QU)) ° ^bQ(/) (^) 


(76) 


■^i,Q(/) o ■^i+Q(/),Ti+Q(n(y(x/)-Q(x/)) ° ^bQ(/) (■^) ^ 


-1 


where t/ € .e/i is a unitary depending on / and x but not on T, T is an arbitrary element of 
=^Tiioc with supp(T) C ff, and where we used that maps unitaries to unitaries and that 

/^i,Q(/) preserves the support. 

We recall that changing the support of / in outside of the causal completion of G 

gives an isomorphic algebra. By isomorphy, this applies also to the other two algebras in (I75p . 
Consequently, we may consider the algebraic adiabatic limit / —)• 1 for all three algebras in (I75p . 
In this limit, we define a one-parameter automorphism group on ^iy[f) by means 

of the free time-evolution {at} on £/i as reviewed in Section [5.11 By isomorphy, this induces 
one-parameter automorphism groups also on the other two algebras in (I75p . 

We would now like to identify the algebraic adiabatic limit of the rightmost algebra in (I75p 
with the limit / —)• 1 in the strict sense. To this avail, we need to check whether /3 i,q{/), 
and are well-defined in the limit / —)• 1. For the latter, we note that it is not difficult to 

check that the corresponding limit of defined in (TTip is well-defined and gives the two- 

point function of the (quasifree) vacuum state for the mass mq since A]*" is the corresponding 
correlation function of the massless state, cf. Lemma ID. 11 Similarly is well-defined 

in the adiabatic limit because is well-defined in this limit and the renormalisation in 

is performed in a way which is analytic in Q{f) as required by the axioms for T. 

This implies that the limit of = ^iQ{f) ° ^iQ{f) well-defined and corresponds 

to the contraction exponential ad with d given by the difference of the massive and massless 
Feynman propagator of the corresponding (quasifree) vacuum states; we refer to Proposition [3]7] 
for the interpretation of this contraction exponential on general local functionals. 
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The above considerations imply that and commute with the free dynam¬ 

ics {at}, which in turn entails that the one-parameter automorphism group on the right¬ 
most algebra in (|75l) induced via isomorphy by the interacting dynamics on in 

the adiabatic limit is in fact that interacting dynamics on the massive interacting algebra 
^i+Q(i)^'ri+Q(i)(y(x)-Q(x))construct a /3-KMS state w.r.t. to this dynamics as 
reviewed in Theorem l5.ll where we recall that this state does not depend on x nnd e by Propo- 
sition lSTl By (1751) and the above discussion, this induces a /3-KMS state w.r.t. to the interacting 
dynamics on in the adiabatic limit. 

A natural question is whether the /3-KMS state for zero mass and interaction V constructed 
as above depends on the virtual mass mg used in the construction. We expect that this is 
not the case by uniqueness of the /3-KMS state in the absence of phase transition^ In fact, 
if we choose two different mg, mg/, then we obtain two chains of isomorphisms of the form 
(I75|). This and the above discussion imply that the corresponding algebras in the adiabatic limit 
■^i+Qa),Tt+Q(t)(V(x)-Q(x))(^) and ■«4+Q'(i),Ti+Q,(i)(y(x)-0'(x))(^) are isomorphic. Let us denote 
this isomorphism by iq^q'- We know that ig,g' intertwines the interacting dynamics on the 
two algebras and that the construction of the /3-KMS states on these algebras performed as in 
Theorem [5T] is based on the generators of cocycles induced by the corresponding one-parameter 
automorphism groups. Consequently, ig,g' intertwines these KMS states and thus the massless 
KMS state for the interaction V induced by mg, mg/ is the same. 

For definiteness, we may subsume the above considerations in form of a proposition which 
we formulate only for local observables for simplicity. 


Proposition 5.2. Consider an arbitrary local interaction V, arbitrary e > 0 and x & o-nd 
an arbitrary Q{f) of the form [Q{f)]{(t>) = \rnQ f4>^d‘iXg with mq > 0. Moreover let *1 be a 
-k-product for the massless Klein-Gordon field which is induced by a time-translation invariant 
of Hadamard form and denote by t^+q(i){V{x)-Q(x)) state for mass mq and 


interaction ri_|_g(i) {V — Q) constructed as reviewed in Theorem 15.11 Then the renormalisation 
freedom of the time-ordered map can be fixed in such a way that, for all Fi,..., Fn G ^\oc 
UiSupp(F;) C He 


= ‘^i+Q(i),Ti+Q(i)(y(x)-Q(x)) (■^i+Q(i)Ti+q{i)(v^(x)-Q(x))(-^i) *1+Q(1) • • • 

• • • *i+Q(i) ■^i+Q(i),ri+Q(i)(y(x)-Q(x))(^’")) 

defines a fi-KMS state for the massless Klein-Gordon field with interaction V which is inde¬ 
pendent of X, e and mq. 

Remark 5.1. We would like to stress that we use the construction above only for the case 
where the mass of the field for which we would like to construct a KMS state is zero and the 

^In the massless case, we have to add the condition that the free KMS state is quasifree in order to exclude 
zero modes. 
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virtual mass is positive. In particular we do not make any claims about the case of a tachyonic 
(imaginary) mass. 

Even so one may doubt the above construction because treating a massless held as a massive 
one with the negative mass square as a perturbation seems inconsistent as it is known that mass¬ 
less and massive (linear) theories have different properties. However Lemma IB . 1 1 shows that the 
perturbative expansion of the classical Mpller map converges for localised mass perturbations of 
arbitrary sign and magnitude on Minkowski spacetime. This result can presumably be gener¬ 
alised by proving that in a theory on Minkowski spacetime with interaction W = nQ + XV with 
Q G ^loc quadratic and V G ^loc arbitrary, expressions which are perturbative in /i converge at 
each order in A. Finally Lemma iD . 1 1 shows that the “resummed propagators” obtained from the 
abovementioned convergent perturbation series converge in the adiabatic limit as long as both 
the “initial” and “hnal” mass are either vanishing or positive (in four spacetime dimensions), 
see also [As07| for related and essentially equivalent considerations. Consequently, we may con¬ 
sistently “add” or “remove” masses perturbatively as long as we avoid the tachyonic regime. In 
fact. Lemma ID.II does not hold for tachyons, because the the “naive tachyonic vacuum” does 
not exist due to infrared problems. 

Remark 5.2. In the vacuum case (3 = oo there is no thermal mass, but our construction can 
be still applied and yields a ground state for zero mass and arbitrary interaction V because 
we may introduce the virtual mass niq > 0 at will. In this context, we would like to stress 
that the convexity properties of the total (“free” -|- “interacting”) potential are not altered by 
the introduction of the virtual mass. For this reason the virtual mass has no effect on stability 
properties of the theory. Furthermore, in theory in a thermal state, the convexity of the 
potential is even reinforced by the presence of the thermal mass. 

Remark 5.3. We do not see any obstruction to apply the same construction as above in order to 
construct KMS states for the Klein-Gordon held with arbitrary mass and arbitrary interaction 
V on static spacetimes ^ C perturbatively over Minkowski spacetime under the 

conditions that a) the metric differs from the Minkowski metric only on a compact set b) 
5us > 5 m) cf. (l3T]l and c) ^us and have a common time-like Killing vector held. An example 
would be a compact diamond in the static patch of de Sitter spacetime. 
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A Factorisation property of the 5—matrix 

In this section we would like to show that for F, G G ^ C it holds 

Sf+g+v = Sf+v * Sy^-k Sv+G, (77) 
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for any V G ^loci here the inverse is meant w.r.t. to the ★-product. 

To prove this factorisation property we need a 

Lemma A.l. Let F, G ^ be arbitrary functionals whose functional derivatives are 
supported on the diagonal C but do not necessarily satisfy WF{F^'^^) T TDn and assume 
further that supp(F) n supp(G) is a subset of a Cauchy surface S, whereas supp(T) C 
and supp(G) C J“(S). In this case F -t G is given by F -k G + R^{F,G) where Rs{F,G) is 
supported on S but not uniquely defined. 

Proof. By a direct computation we get up to renormalisation 

F-tG = F-G + ... + ^ + ... (78) 

We first consider n = 1: in this case we have 

= j^^F^^'^{x)A^{x,y)G^^'>{y)dng{x)d^ig{y). (79) 

The above integral is supported on x > y and the diagonal x = y. In the latter case it is actually 
ill-defined in general, while in the former case its value is 

[ F^^\x)A'^{x,y)G^^\y) dyg{x)dng{y) , 

Jx<£j+{y)\{y} 

because S is a Cauchy surface and the singularities of F(^)(x) and G^^\y) are at most space¬ 
like so that the pointwise product in the integrand is a well-defined distribution of compact 
support. The diagonal contribution of (|79p may be evaluated by extending the distribution 
F^^\x)A^{x,y)G^^\y) to the diagonal by a direct application of the theorems for extensions of 
distributions. Altogether we find 

= A++F^(F,G), (80) 

where the last summand is supported on S. We may proceed similarly in the case n > 1 and 
find that Rt,{F, G) = 7ig(T’, G) is of the stated form. □ 

We can now prove the factorisation property of the F-matrix. 

Proposition A.l. For any F,G,V G ^loc such that F >G, ([77)1 holds. 

Proof. Let be S a Cauchy surface such that supp(F) C T^(S) \ S and supp(G) C T~(S) \ S. 
Decompose V = + V-, with V± being such that supp(V±) C J^(S). We now recall 

Sa+b = Sa*Sb ifA>B. 
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Using this, we have 


Sf+v+g 


Sf+v+ * Sv_+G + Rt. 

Sf+v+ * Sv_ * Sy] * Sy^ -k Sv+ k Sv_+G + Rt, 
Sf+V * * Sy^ k Sy+G + Ry: 

Sf+v * 'S'y^ * Sv+G + Ry- 


where we used the above Lemma (jA.ljl and Rs, Ry: and Ry are contributions supported on S 
which are a priori not uniquely defined. However, since S is to a large extent arbitrary, and the 

left hand side is independent of S, the only possible definition is Ry = 0. □ 


B Convergence of the Neumann series of the classical M0ller 
map on Minkowski spacetime 

Lemma B.l. Suppose that ,gi) is Minkowski spacetime, consider a Klein-Gordon field with 
action §i of the form (| 30 l ) with Ai = 0 , ji = 0 , and Q G ^loc of the form ( 1351 ) with G = 0, 
A = 0 and j = 0 . Then the Neumann series in ( H 2 |) converges to Ri,q in the topology of 

Proof. It is sufficient to prove that, for an arbitrary (p € and denoting by r” the n- 

fold composition of r (j42[) . the series converges uniformly to Ri^q{4>) in some generic 

compact set O C and that the same happens to its derivatives. 

To this end, let us indicate by K the support of = M{x)(l){x). We use standard 

Minkowski coordinates x = {t,x.) and restrict our attention to a compact region I x N which 
contains K and the compact set O where we want to ensure convergence of the series r"'((/>). 
In more detail, I = [to, fi] is an interval of time and V is a compact region of a spacelike Cauchy 
hypersurface S = M^, which is chosen in such a way that J~^{K) n (/ x S) is properly contained 
in / X V. For any spacelike-compact smooth function tp and its spatial Fourier transform '^(t, k) 
we introduce the norm 

ll^lkoo = sup \\fi{t, Olll. 
tel 

Let us analyse r{(p) for an arbitrary, but fixed smooth function fi. First of all notice that 
r{(p) = r{x4>) for all spacelike-compact smooth functions x which equal 1 on J~^{K). Later on, 
the function y is needed in order to ensure the existence of the spatial Fourier transform of xfi- 

I I lVG£iT*'\7'C3 "f" h Qf 

rmtF) = cfds Ht - 

Jto 

where cq is a suitable power of 27r, 0 is the Heaviside step function and w(k) = k^ + Mi is the 
spectral function associated with the background equation of motion. Hence 

Mx(/>(s,k) . 


\r{fi){t,-)\\i < Co 




ds 6{t — s) 


sin(a;(k)(t — s)) 


a;(k) 
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Since the function a;(k) is real and positive 

lk((/))(t, Olll < Cl(tl - to) / d'S||A^'||l,oo||X</>('S,-)l|l , 

Jto 

where ci is a suitable power of 27r. In a similar way, one can show that for every n > 0 


1,00 ^ Cn~ 


n\ 


1 , 00 ) 


where the factor n\ arises because of an integration over an n—dimensional simplex and Cn is a 
suitable power of 27r. Since for every spacelike compact smooth function ||'0||oo is controlled by 
the norm ||'0||i,oo: which in turn is controlled by the seminorms defining the topology of 
we find that the series converges uniformly. Following a similar path, we can prove 

that also the derivatives of X)n>i converge uniformly, concluding the proof. □ 


C Clustering properties of free massive KMS states in Minkowski 
spacetime 


Lemma C.l. We denote by the m-th perturbation order of and use the notation 

of Sectionf^ The connected correlation functions ujc of the jd-KMS state of the Klein-Gordon 
field on Minkowski spacetime with mass m > 0 satisfies the following property. For all Ai G 
£/{T, 2 e) and all m G the function 

... ,Uk,Xk){go,... ,gk) = wf 

is uniformly bounded by an absolutely integrable function for all gi in some bounded set of 

Proof. The authors of [FrLil4j have already shown, that, for fixed gi, F^ satisfies the strong 
clustering property, namely that F^ decays exponentially for large Xi 


Fj^{ui,xi,...,Uk,Xk)\ 


— JlL-f 

< ce , 


r = 


\j i=l 


The point which is left open is to control how this estimate (and in particular the constant c), 
depends on the functions g^. 

With this in mind we follow the proof of [FrLil4l Theorem 3] and track the appearance of 
the gi. To this avail, we consider an arbitrary oriented and connected graph G joining n + 1 
vertices. We denote by E{G) the edges of this graph, and for any I G E{G) we denote by s{l) 
and r(Z) the source respectively range of this edge. Denoting hy X = (xq, ... ,x„) the vertices 
of G, we set 




n 

ieE(G) 


5^ 


( 5 o ® ® Bn) 


—0 


(81) 
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and we have to analyse how this quantity depends on gi, where Bi = and Ai are 

supported in a neighbourhood of the origin. We notice that Ai is of compact support and x is 
also of compact support in time, hence, the support of Bi is contained in (suppyPl J“(suppj4j)) 
and thus compact and contained in a ball of sufficiently large radius R. As a consequence of 
this fact, '^{X,Y) is a distribution of compact support. This quantity is of interest because 
Xi ,..., Uki Xk){gQ ,..., g'fc) is a sum of terms of the form 


/ 


dXdY n X+^^{xl-yl)^{X,Y) 

1 &E{G) 


with XI = (x[) + iUs(i),xi + yi = (y(, + and A+’^ denoting the two-point 

function of . 

In the proof of [FrLil4l Theorem 3], the need of estimating the Fourier transform T(—P, P) 

for P = {{pq,P^), ..., iPo,P^)} with pg = iyjp^^ + arises. In particular, since the original 
T is a distribution of compact support, the Paley-Wiener-Schwartz theorem permits to control 
the exponential growth of P, P) for P of the above-mentioned form and large values of p^ 
in terms of R. We shall now analyse how these estimates depend on the various gi. 

We start by observing that the perturbation potential V(gix) depends linearly on giX- We 
can thus write 

Bi — — / dzi . . . dZfYn • • • 9ii.^mQ )G(^Zl, . . . Zyjn') 


where G is a distribution of compact support with values in G being a neighbourhood 

of the origin. This implies that the coupling functions gi appear in T as 


T(A,y) = (f(x,y,z),5i(^i,i) 


' ® ® ® ® gn{Zn,mi;) 


mi times 


TUn times 


where we used the compact notation Z = ( 21 , 1 ,... ,Zn,mn)- Here, t is suitable distribution of 
compact support in X, Y and Z with values in £Y[G) which does not depend on the gi. We 
may thus readily apply the Paley-Wiener-Schwartz theorem to obtain that, the Fourier-Laplace 
transform t of t is an entire analytic function which satisfies 


|f(Pi,P2,P)| < C(1 + llPilli + IIP 2 II 1 + 


( 82 ) 


where R is the radius of the ball B^ centered in the origin which contains the support of t and 
C and N are suitable constants. 

From this estimate we can now obtain a similar estimate for 'I', namely, 


|$(-P,P)|= / dK\t{-P,P,K)\Uki)---gn{kn,) 
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where w = is the dimension of Z and hence of K. Since N in (1821) is bounded, since 

the integral is performed over the real numbers and since gi are smooth compactly supported 
functions, the integral can be easily performed to get 

i |Q!i|<M 

Where now the constant C does not depend on the gi anymore and M is further suitable finite 
constant. Using this more refined estimate in the proof of [FrLil4t Theorem 3], the desired 
uniform bound can be found. □ 


D Convergence of the state induced by the classical M0ller map 
in the adiabatic limit on Minkowski spacetime 


Lemma D.l. Let A.'^{x,y) he the two-point function of the vacuum state with mass mi > 0 
and let Q{f) = — mf) ffP'dgg with m 2 > 0 (but not necessarily m 2 > mi). Then 

the integral kernel of q(j-) o o converges to the integral kernel of the 

two-point function of the vacuum state with mass m 2 in the adiabatic limit / ^ 1. 

Proof. We prove this statement in the spirit of QFT on cosmological spacetimes. To this avail 
we note that is well-defined for all / which have past-compact support and thus in 

particular for / which are constant in space and have a time dependence of the form f{t) = 
floo x(T)dT for a X £ ^(K) which is positive and has unit integral. In this case, we may 
decompose the integral kernel of as 

A+^Q^^^(ti,Xi,t2,X2} = hm^y T^Tkit2)e^’^^^^-^^^e-^^dk, 
where k = \k\ and the temporal modes Tk{t) satisfy the differential equation 

( 9 ^ + io^{t)) Tf^{t) = 0 , = k^ ~\~ mf + {m2 — m‘i)f {t) (^ 3 ) 

and the normalisation condition 


tk{t)Tk{t) - Tk{t)fk{t) = i. 

Here ' denotes a derivative w.r.t. t. Moreover, by construction the modes Tk{t) equal the 
Tui-vacuum modes 

Ti,k = , Ji = k^ + ml 

v2cni 

in the past of supp/ (up to an irrelevant constant phase). 

We would like to show that in the adiabatic limit / —)• 1 the modes Tk converge to the 
m 2 -vacuum modes T 2 ^k dehned in analogy to Ti^. We do this by comparing both Tk and T 2 X 
to the adiabatic modes 


Ta,k{t) 






^0 


a;(r)dr 
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in the adiabatic limit, cf. (I83l) for the definition of Lo{t). Obviously we have liuif^iTa^k = 

In order to check that limj^i(Ta fc — Tj.) = 0 as well, we observe that the adiabatic modes ^ 
satisfy the differential equation 


+ '^(^)) Ta^k{t) — 0 , 


luj 3 /uj\^ 1 (w^)" 5 

2w“4Vwy ^ 4 a;2 “ 16 V ^2 J 


(84) 


and also equal the mi-vacuum modes Ti ^ in the past of supp/. We may thus construct the 
modes by means of a perturbation series over ^ by treating —A as a perturbation potential. 
This gives 


= Rx{h) = 


n=0 


f 


sin(f^ cu(Ti)dTi) 
^/u;(t)cJ(T) 


A(T)h(T)dT . 


(85) 


where is the retarded propagator for the differential equation (1841) . Using ([851) we may 

estimate the difference ^ as 


\Ta,k —Tk\< 


\p2jjj 


— 1 + exp 


f 


|A| 


UJ 


dr 


Using the precise form of A, we may further estimate the argument of the exponential as 

/ OO I \ I / 1*00 1*00 

— -dT<c{ / \m^ — rn\\\{uP‘)''\dT + / {{uP‘)')‘^dT 

-OO ^ \j—OO J—OO 


( 86 ) 


for a suitable (dimensionful) constant C. 

Let us now consider iii place of y in the definition of the cutoff function /. 

For this special class of cutoffs, the adiabatic limit corresponds to lim^_).oo. Indeed, with this 
parametrisation we have 

J — OO ^ \j — OO J — OO J 


This proves limf^i{Ta^k — Tk) = 0 and thus limj_^i(T 2 ^fc — T^) = 0. 

The argument above fails in the case mi = 0 or m 2 = 0 on account of singularities at k = 0. 
In order to see that these singularities are irrelevant, we assume without loss of generality mi = 0 
and m 2 > 0 and recall that we have taken /(f) to be monotonically increasing. Consequently, 
= k + ml + (m| — mf)/(f) is monotonically increasing as well and introducing the energy 
per “retarded mode” 

Ek = \tk\^ + u;^\Tk\^ 


we find 


1 

dt V / 



< 0 . 


55 










For an arbitrary t = to such that /(to) = 0 we have = <^(^ 0 ) = k. From the temporal 

behaviour of Ek/uj'^ we may thus infer 


\Tk{t)\^ < 


Ek{t) , Ek{to) 


< 


a;2(t) a;2(to) 


1 

k' 


Note that this bound is uniform in / and thus holds in the adiabatic limit. Moreover the same 
bound holds also for the (constant) energy per mode of the m 2 -vacuum modes T 2 ^k- Using these 
bounds, we may investigate the adiabatic limit as follows. We have (omitting the e-prescription) 


A+(xi,X2) - A+_^q(^^(xi,X2) 


1 

Svr^ 


{T2,k{tl)T2,k{t2) 


Eki^^-^2)dk 


/ I{k,xi,X2)dk 
Jr3 



I{k, xi,X2)dk + 


I{k, xi,X2)dk , 


where C is the solid sphere of radius e. The k > e contribution to the integral converges 
in the adiabatic limit by the arguments used above. The k < e contribution can be estimated 
using the bounds previously discussed. Indeed \I{k, xi,X 2 )\ < (dvr^A:)”^ and thus the integral 
over is O(e^) and negligible in the limit e —)■ 0 uniformly in /. 

Note that the proof fails in the tachyonic case mf < 0 or < 0 because the infrared 
singularity in this case is more severe than in the one occurring in the massless case, in particular 
the singularity in uj~^ is not integrable anymore. 

□ 
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